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Abstract

The classical Kaprekar routine at four digits iterates K(n) = a(n) — 5(n), where a(n) and
B(n) are the integers formed by arranging n’s digits in descending and ascending order. For
every non-repdigit four-digit input, the orbit converges in at most seven steps to the fixed point
6174. Generalizing the construction to arbitrary digit length d, the analogous rule converges to
495 at d = 3 but fails at d = 5: orbits enter cycles rather than fixed points.

This failure is commonly described as a peculiarity of five-digit arithmetic. We argue that it is
instead a peculiarity of the specific subtraction rule. The classical “descending minus ascending”
construction is one specific point in a space of d! - (d! — 1) ordered permutation-pair rules at
each digit length, and its behavior across d is not uniform: the algebraic rank of the classical
rule is d at d = 4 but strictly less than d at d = 3 and d = 5 because of forced middle-digit
cancellation. The failure at d = 5 reflects the classical rule being rank-4 there, not a failure of
Kaprekar convergence.

When we classify all permutation-pair rules at each digit length, universal full-variable fixed
points exist at d = 4, d = 5, and d = 6. We complete this classification exhaustively at d < 6,
identifying 33 universal fixed points at d = 5 and 506 at d = 6. We then ask which fixed points
extend from one digit length to the next: if F' is a universal full-variable fixed point at digit
length d, does some rule at d 4+ 1 also have F' as a universal fixed point?

Among the 33 universal fixed points at d = 5, exactly one — F' = 60714 — is a universal

full-variable fixed point at d = 6. The remaining 32 are dimension-locked at d = 5: no full-
variable rule at d = 6 attracts them universally. The selection of 60714 from this population
is the central discovery; the lifting machinery is the test it uniquely passes, not a construction
tailored to fit it. Given this selection, we construct an explicit family of permutation-pair rules
at each d > 5, connected by a coefficient-preserving lifting recipe, and prove:
Theorem. 60714 is a fived point at every digit length d > 5 under the coefficient-preserving
lifting family constructed in §5. The corresponding dynamics are universal on Ag\ Eq at every
d > 5, where Aq is the admissible input set and E4 is an exactly-characterized escape class. The
escape class is empty at d = 5,6, and at d > 7 has the same structural form — block-aligned
multisets that collapse to 0 under the rule — as the classical Kaprekar escape class at d = 3,4
(the ten repdigits at d = 3 and the ten multiples of 1111 at d = 4, which under the classical rule
each map to 0 rather than to the nontrivial fized point).

This is, to our knowledge, the first explicitly constructed attractor in the generalized Kaprekar
family for which a fixed-point equation persists across infinitely many dimensions, with universal
convergence on Ay \ Eq at every d > 5 and a structurally characterized escape class continu-
ous with the classical case (§7.6). The classical Kaprekar constant 6174 exhibits a related but
distinct pattern, proven here: universal at d = 4 (native), algebraically obstructed at d = 5,
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and universal on Ag \ ES'™ at every d > 6 under coefficient-preserving lifting, where EG!™
is a precisely characterized 45-input class at d > 8. 60714, 6174, and 60417 share the digit
multiset {7,6,4,1}, and within this thread the empirical invariant sum_locked spans orders
cross-dimensional behavior: 60714 (sls = 5) is universal on A, \ Ey at every d > 5 with E; = ()
at d = 5,6, while 6174 (sls = 8) is universal on Ay \ ES'™ at every d > 6. The invariant orders
within-thread behaviors but does not generalize to a cross-multiset principle.

1 Introduction

1.1 Kaprekar’s routine and the middle-digit cancellation

In 1949, D. R. Kaprekar observed a striking property of four-digit integers in base ten |Kaprekar
1955]. For any four-digit n with at least two distinct digits, let a(n) be the integer formed by
arranging n’s digits in descending order, and (n) the integer formed by arranging them in ascending
order. Iterating

produces a sequence that converges to 6174 within at most seven steps, regardless of starting value.

At three digits, the analogous construction converges to 495 |Trigg 1974|. At five digits, it fails:
every non-repdigit orbit enters one of three cycles rather than reaching a fixed point [Prichett 1981].
This failure is typically described as a peculiarity of five-digit arithmetic. We argue that it reveals
something deeper about the classical rule itself.

Expand K at d = 3 algebraically. For sorted-descending digits (a, b, c) with a > b > ¢ and at least
two distinct digits, K (a,b,c) = abc — cba. The subtraction’s borrow pattern is forced: the ones
place ¢ — a borrows; the middle place becomes b — b — 1 = —1 after the borrow and must borrow
again; the hundreds place becomes a — ¢ — 1 after the second borrow. The result simplifies to

K(a,b,c) =99 (a —c),

which depends on only a and ¢. The middle digit b cancels identically. Algebraically, K at d = 3
has coefficient vector (99, 0, —99): the coefficient on the middle position is exactly zero.

This is not a computational observation — it is a structural fact about the classical construction.
At every odd digit length, the classical rule’s center-position coefficient vanishes through the same
forced borrow chain. The classical rule at d = 3 is not a rank-3 object; it is a rank-2 object wearing
rank-3 clothes. The classical rule at d = 5 is likewise rank-4, not rank-5. The failure of the classical
rule to produce fixed-point convergence at d = 5 is therefore not surprising once one asks about
rank-5 rules: the classical rule isn’t one.

This observation opens the question we pursue in this paper. If the classical rule is a specific
algebraic construction whose rank varies with d, and if convergence properties depend on rank,
then the natural object of study is not the classical rule across d but the space of all rearrangement-
subtraction rules at each d. The classical rule is one specific point in that space. The question
becomes: which integers are universal fixed points, which rules attract them, and how do the rules
relate across digit lengths?



1.2 Permutation-pair rules

Let n be a positive integer padded to d digits, and let sort desc(n) = (zg,x1,...,24-1) denote
its sorted-descending digit sequence, with zog > z; > --- > x4_1. Given any ordered pair of
permutations w,0 € Sy with 7 # o, the permutation-pair rule is

Kro(n) = |m-sort_desc(n) — o - sort_desc(n)

)

where 7 - (zg,...,24-1) denotes the integer >, 109717z, — the digits rearranged by 7. The

classical rule is # = (0,1,...,d — 1) and 0 = (d — 1,d — 2,...,0) (descending minus ascending),
which we denote K.

Every permutation-pair rule expands linearly in the sorted-descending digits:

Kro(n)=

9

d—1
E Ci Ty
=0

where the integer coefficients ¢; depend only on (7, 0) and satisfy ) .¢; = 0. Specifically, ¢; =
104-1-7"1(®) _ 10d-1=o"'()_ Define the algebraic rank (or surviving-variable count) of the
rule:

sv(Kro) = |{i:c # O}‘

The rule is full-variable at digit length d if sv = d — every sorted-descending position partic-
ipates nontrivially in the output. The classical rule is full-variable at d = 4 (coefficient vector
(999,90, —90, —999)) but not at odd d, where the middle-position coefficient vanishes by the can-
cellation of §1.1.

A rule K is universal for a fixed point F' at digit length d if K(F') = F and every non-repdigit
d-digit input iterates to F' under K. We adopt the standard basin convention excluding repdigits
(multisets with one distinct digit) and near-repdigits (multisets where one digit appears d — 1 or d
times); these degenerate inputs are excluded from Kaprekar-style convergence analysis throughout
the literature [Prichett 1981, Dahl 2026].

1.3 The organizing question

A note on the order of discovery, before the formalism. The investigation reported in this paper
did not begin with the integer 60714 as a target. It began with a structural puzzle suggested by
§1.1: the classical operator Ky has 6174 as a fixed point at d = 4, but at d = 5 it has no fixed point
at all, and there is no analogue of the classical construction that lifts Ky into the rank-5 space.
We asked instead whether the space of all permutation-pair rules at d = 5 contains rules with
universal fixed points, and whether any such fixed points persist across digit lengths. Exhaustive
enumeration at d = 5 produced 33 universal full-variable fixed points (Theorem 3.3); the exhaustive
cross-dimensional check (Theorem 4.1) found that exactly one of these — 60714 — extends to d = 6
as a universal full-variable fixed point of some rule there. The remaining 32 are dimension-locked
at d =5.



The coeflicient-preserving lifting framework introduced in §5 is the mechanism we discovered as
the explanation for this cross-dimensional persistence. The recipe is uniform — applied without
modification across all 33 candidates — and 60714 is the integer that survives the test. Once the
lifting is identified and 60714 is selected, Theorem 5.2 proves that the lifted family is universally
convergent on A;\ E4 at every d > 5, where Ejy is the structurally characterized escape class of §5.2.
The escape class is empty at d = 5,6. At d > 7 it is non-empty but takes the same structural form as
the classical Kaprekar escape class at d = 3,4: a set of inputs whose orbit reaches 0 in finitely many
applications of the rule, with the inputs characterized by an algebraic block-alignment condition
(single-block repdigits at d = 3, single-block multiples of 1111 at d = 4 — both of which collapse in
a single step — and multi-block aligned multisets at d > 7, which collapse in at most a few steps;
for d < 11, exhaustive enumeration confirms collapse in at most 4 iterations). See §7.6 for the full
continuity argument. Universal convergence on A, \ Ey is a substantive dynamical claim that does
not follow from the lifting’s algebraic preservation property; it requires the proof developed in §5
and Appendix C. The discovery sequence — observation of the rank gap, classification at low d,
cross-dimensional check, structural mechanism, dynamical theorem — is the methodological spine
of §1.4 and is recapitulated in detail there.

Fix an integer F'. Define its native digit length dr to be the smallest d at which F' is a universal
full-variable fixed point of some rule K, at d. If I’ has no native digit length in this sense, it is
outside the scope of this paper.

The organizing question is then:

For a fixed point F' with native digit length dp, does F' remain a universal full-variable
fized point at any digit length d > dp? If so, what is the structural relationship between
the rule at drp and the rule at d?

The first part of this question has an immediate affirmative answer for one class of fixed points:
the dimension-agnostic family (including 45, 495, 450) whose rules have sv < d at every d. These
fixed points persist across digit lengths precisely because their rules cancel interior digits, reducing to
lower-rank operations. We discuss them in §2.5 and exclude them from the full-variable classification
by the sv = d constraint.

Among full-variable fixed points, the question is considerably sharper. The classical result says: at
d = 4, the classical rule Ky is full-variable (rank 4) and universal for 6174. But Ky at d = 5 has
rank 4, not 5, so it is not even in the sv = 5 space at d = 5; the question of whether 6174 is a
universal full-variable fixed point at d = 5 is not the question of whether Ky converges there. It
is the question of whether any rank-5 rule, anywhere in the 14,280-rule space at d = 5, has 6174
(padded to 06174) as a universal fixed point. The answer, exhaustively verified in §3 and §4, is no:
no rank-5 rule even has 6174 as a fixed point at d = 5.

The full-variable universal fixed points at d = 5 are thirty-three specific integers — none of them
6174. Among these thirty-three, the question of §1.3 becomes: which extend to d = 6 as universal
rank-6 fixed points? Which further extend to d = 7, d = 8, and beyond?

1.4 On method: from brute enumeration to structural proof

A word on how this investigation proceeded. The classical Kaprekar routine has an elegance acces-
sible to anyone who can subtract: arrange the digits in descending order, arrange them in ascending
order, subtract, iterate. Convergence to 6174 is a surprise that anyone can verify with a calculator,



and the rule requires no definition beyond ordinary arithmetic. Any generalization in the spirit of
this result should ideally preserve some comparable transparency.

Our approach proceeds in the opposite order. We did not begin with a structural hypothesis
about which integers ought to be dimension-transcendent attractors. We began with brute-force
enumeration: at each digit length d, compute the universal full-variable fixed points by testing
every permutation-pair rule exhaustively against every non-repdigit input. At d = 3, 4, 5, 6 this
enumeration is tractable — the largest, d = 6, requires testing 190,800 full-variable rules against
4,905 admissible digit multisets (999,450 admissible padded six-digit strings), a search that runs
in hours on commodity hardware but is impractical to organize, verify, and iterate on without
automated scaffolding. From the resulting lists of fixed points, we asked the cross-dimensional
question empirically: which fixed points at d reappear at d + 17

The enumerations themselves, the data-structuring of the resulting fixed-point catalogues, and the
systematic probe of structural hypotheses against the empirical evidence were carried out using a
methodological pattern — exhaustive brute search, pattern recognition on the output, proposed
structural explanation, adversarial re-testing of the proposal against further enumeration, repeat —
that we believe is increasingly relevant to exploratory mathematics. The computer assistance used
throughout the project — including Al tools alongside conventional scripting — is documented in
the Acknowledgments.

1.4.1 The 54 — 60714 discovery arc

To make the method concrete, we describe the specific discovery process that led to this paper’s
main theorem. An early candidate for dimension-transcendence was F' = 54. At d = 2 under the
classical rule, 54 is a universal fixed point. At d = 5, the full-variable classification (§3) finds 54 as
one of 33 universal fps under a specific rank-5 rule — the rule 7 = (1,2,4,3,0),0 = (2,0,3,4,1)
with coefficient vector (—90, 99,9000, —9000, —9). Initial empirical work suggested 54 as a natural
candidate for the dimension-transcendence story, since it appears at both d = 2 and d = 5.

Closer examination revealed a structural complication. 54’s sorted-descending form at d = 5 is
(5,4,0,0,0) — three of the five digits are zero. In the native rule at d = 5, three of the five
coefficients are paired with these zero digits and contribute nothing to K(F') = F. The effective
rank of the rule at F' — what we formalize in §2.6 as svyp — is 2, not 5. 54 is algebraically an sv= 5
fixed point, but structurally it inherits its fixed-point status from a rank-2 algebraic operation on
(5,4) with the other three positions absorbing coefficients that cancel internally. The fixed-point
equation K (54) = 54 at d = 5 is effectively the same equation as at d = 2, dressed up to occupy
d = 5 without adding new structural content.

This observation sharpened the question. A genuine dimension-transcendent fixed point would need
svp = dp — all coefficients of its native rule contributing to K (F) = F through nonzero digits.
Among the 33 fixed points at d = 5, we searched for fixed points with no zero digits (so that svp =5
automatically). Exhaustive enumeration at d = 5 — d = 6 then identified the unique fixed point
satisfying this criterion that also extends to d = 6 via a coefficient-preserving lifting: F = 60714.
The existence of a lifting at d = 6 is automatic by a structural argument (Proposition 5.1); the
nontrivial content is that the lifting is universal at d = 6 and, we prove, at every d > 5.

The paper’s main theorem is thus the answer to a question that the 54 counterexample forced us to
formulate precisely: among universal full-variable fixed points with svyp = dp at their native digit
length, which admit universal coefficient-preserving liftings at every higher digit length?



1.4.2 Conclusion

This methodological sequence — exhaustive empirical search, identification of counterexamples that
refine the question, structural proof on the refined target — is explicit rather than disguised. The
classical Kaprekar routine is elegant because its rule is stated in a single sentence; the result we
present here is structural in a different sense. The rule varies with d (via coefficient-preserving
lifting), the construction is explicit, the proof is finite-state-plus-algebraic, and the fixed point
60714 is distinguished not by aesthetic priority but by being the one case where the proof closes
out uniformly across all d > 5.

1.5 The main results

This paper answers the following. (Throughout this section, theorems are presented as overview
statements with section pointers; the body restates them with section-numbered identifiers — The-
orem 1 here corresponds to Theorems 3.1-3.4 in §3, Theorem 2 to Theorem 4.1 in §4, Theorem 3
to Theorem 5.2 in §5, and Theorem 4 to Theorem 6.1 in §6.)

Theorem 1 (Classification, §3). The universal full-variable fized points at digit lengths d < 6
are as follows:

e d = 3: no universal full-variable fixed points. (12 full-variable rules enumerated exhaustively.)

e d =4: four universal full-variable fixed points — 1746, 2538, 5382, 6174. (216 full-variable rules
enumerated exhaustively.)

e d = 5: thirty-three universal full-variable fixed points. (5,280 full-variable rules enumerated ex-
haustively.)

e d = 6: five hundred and siz universal full-variable fized points. (190,800 full-variable rules enu-
merated exhaustively.)

The classifications at each d are complete, reproducible, and definitive. Full tables appear in Ap-
pendix A.

Theorem 2 (Cross-dimensional cross-check, §4). Of the thirty-three universal full-variable
fized points at d = 5, exactly one — F = 60714 — is a universal full-variable fized point at d = 6
under some rule. The remaining thirty-two are dimension-locked at d = 5: no rank-6 rule at d =6
is universal for any of them.

The proof is by exhaustive computation: for each of the thirty-three fixed points, we enumerate all
rank-6 rules fixing F' (padded to six digits), test each for universality, and observe that 60714 alone
admits a universal rule.

Theorem 3 (Dimension-transcendence of 60714, §5). F' = 60714 is a universal full-variable
fized point at every digit length d > 5, under an explicit family of coefficient-preserving lifting rules
derived from its native rule at d = 5.

The lifting family consists of two ladders: an odd ladder d = 5,7,9,... and an even ladder d =
6,8,10,.... At each step of each ladder, the rule at d is obtained from the rule at d—2 by appending
a pair of coefficients summing to zero. The coefficients at positions corresponding to 60714’s nonzero
digits are preserved throughout; the coefficients at positions corresponding to 60714’s zero digits
absorb the structural content of the lifting.

The proof reduces to two lemmas. Lemma 5.1 (structural) establishes that the set of inputs with
two trailing zeros in their sorted-descending form is invariant under any zero-sum pair lifting, with



the lifted rule acting on this set as the base rule at d — 2 on the non-tail digits. Lemma 5.2 (the
main analytic content) establishes that every non-near-repdigit orbit at d > 7 reaches the tail-two-
zeros absorbing set in a bounded number of iterations. Lemma 5.2 is proved by two complementary
techniques: exhaustive finite-state enumeration over digit multisets at d = 7,8,...,16 (approxi-
mately 25 million multisets, zero exceptions), and a d-independent algebraic argument at d > 15
(odd ladder, one-step Ty closure) and a bounded-reaching-time argument at d > 16 (even ladder, at
most two-step Ty closure), based on core non-negativity under sorted-descending inputs (Lemmas
5.3 and 5.4; full proofs in Appendix C). Together with direct verification at the ladder roots d =5
and d = 6, the two lemmas yield universality at every d > 5 by induction along each ladder.

Theorem 4 (The {7,6,4,1}-thread, §6). The digit multiset {7,6,4,1} (with zero padding as
needed) is the support of universal full-variable fized points at three distinct digit lengths: d = 4
(6174, 1746), d = 5 (60714, 60417), and d = 6 (60714, 146070, 170460, 607140). The classical
Kaprekar constant 6174 has a verified cross-dimensional pattern:

e d = 4: strict-universal (native).

e d = 5: algebraic obstruction — no rank-5 rule fires 6174.

e d = 6: dynamic obstruction — four rank-6 rules fix 6174, best basin 0.969.

e d = T: strict-universal via the coefficient-preserving lifting (efgabed, fgedcba).

e d =8, d=9: near-universal, with a 45-multiset escape class of the form (X, X, X, X,0,0,...);

basin asymptotes to 1.

60714, 6174, and 60417 are unified under a structural invariant, the sum_locked spans of their
native rules — taking values 5, 8, 7 respectively — which empirically controls the number of absorbing
(zero-digit) positions at which a coefficient-preserving lifting succeeds. This unification is empirical,
not proven.

1.6 How the framework selects 60714

The result of this paper proceeds in two stages, with importantly different epistemic statuses. The
first stage is discovery. At digit length d = 5, exhaustive enumeration over the 5,280 full-variable
permutation-pair rules identifies 33 universal full-variable fixed points (Theorem 3.3). At d = 6,
the analogous enumeration identifies 506 such fixed points (Theorem 3.4). These classifications are
computational facts, not constructions. Theorem 4.1 then asks a natural cross-dimensional question:
of the 33 universal fixed points at d = 5, how many admit a coefficient-preserving lifting to d = 6
that is also universal at d = 67 The answer is exactly one: 60714. The other 32 are obstructed
— 17 by algebra (no rank-6 rule satisfies K (F') = F'), 15 by dynamics (the rules that fix them have
basin strictly less than 1). This selection — one survivor from a population of 33 — is the central
discovery, and it is not a construction. We did not choose the lifting machinery to fit 60714; 60714
is the integer that survived the lifting test.

The second stage is extension. Given 60714’s success at d = 5 — d = 6 under the discovered
lifting recipe, the same recipe applied at every higher d produces a coefficient-preserving lifted rule
whose fixed-point equation K (9) (60714) = 60714 holds by construction. The recipe is uniform across
the ladder — an odd ladder d = 5,7,9,... and an even ladder d = 6,8, 10, ..., each obtained from
the previous by appending a pair of coefficients summing to zero (§5). Two clarifications about
what is and is not engineered here. What is uniform across all candidates: the recipe itself, which
was applied identically to all 33 d=5 fixed points and selected 60714 as its unique strict-universal
survivor at d = 6. What is specific to 60714: the appended coeflicient pairs at higher d vanish on
60714’s zero-digit positions (which is what makes the fixed-point equation persist along the ladder),



but this is a consequence of the same recipe applied to the same fixed point, not a separate per-d
design choice. The non-trivial content of Theorem 5.2 is therefore the dynamical claim about basins
— that K@ is universally convergent at every d > 5 on Ay \ Eq4, with E; exactly characterized —
and this claim does not follow from algebraic preservation alone. It requires the structural induction
of §5 and the support lemmas of Appendix C.

The escape class Ey at d > 7 is continuous with the classical Kaprekar phenomenon: at d = 3,4
classical Kaprekar dynamics already exhibit an escape class — the ten repdigits at d = 3 and the
ten multiples of 1111 at d = 4 — each of which iterates to 0 rather than to the nontrivial fixed
point. The classical literature treats these as “inadmissible.” The escape class at d > 7 is the same
phenomenon at higher digit lengths: a structurally characterized set of inputs whose orbit collapses
to 0. What is new is not the existence of an escape class, but the explicit closed form for |Eél)|
(Lemma 5.5) and the conjecture that |E4|/|A4| — 0 across the lifting family (Conjecture 7.6). See
§7.6 for the full continuity argument.

The shape of the result. Other universal fixed points exhibit cross-dimensional transcendence
in partial forms:

e 6174 transcends at d = 4 (Kaprekar’s classical result), and is near-universal at every d > 6 with
monotonically improving basin under coefficient-preserving lifting. At d = 5 it is algebraically
obstructed (no sv= 5 rule fixes it). At d = 8,9, the escape class consists of 45 multisets of form
(X, X, X, X)) Y)Y,Y) for X >Y >0, all collapsing to 0.

e 146070 and 607140 (both in the {7,6,4, 1}-thread, native at d = 6) transcend to d = 7 via the
same coefficient-preserving machinery; 146070’s ladder extension is verified through d = 12.

e Among the 506 universal fixed points at d = 6, exhaustive enumeration at d = 7 (Appendix
D) identifies 18,004 universal full-variable fps at d = 7. Cross-dimensional verification of the
53-fp two-zero stratum gives a strict-transcendence rate of 81% (43 TRANS, 2 NEAR, 8 LOCK).
Held-out validation across 0/1/2/3-zero strata confirms the Type A LOCK characterization (§6.6)
generalizes beyond the two-zero stratum.

60714’s distinction is therefore not “uniqueness as a transcendent fixed point” — many other fixed
points transcend partially — but uniqueness as the case that survives Theorem 4.1’s selec-
tion test among the d = 5 universal full-variable fixed points. The classification machinery
(Theorems 3.3 and 3.4) and the cross-dimensional selection (Theorem 4.1) are the durable contri-
butions; the integer 60714 is what those tools select.

1.7 Relation to existing literature

The literature on Kaprekar routines generalizes the classical construction along three principal axes,
each distinct from ours.

The first varies the base while fixing the classical rule. Prichett, Ludington, and Lapenta (1981)
[Prichett 1981] and subsequent work by Peterson and Pulapaka (2008) [Peterson 2008, Devlin and
Zeng (2021) |Devlin 2021], and Kay and Downes-Ward (2022, 2024) [Kay 2022, Kay 2024| classify
classical-rule fixed points and cycles across integer bases.

The second axis fixes the classical rule but varies structural properties of the fixed points. Iwasaki
(2024) [Iwasaki 2024] partitions classical-rule Kaprekar fixed points across digit lengths into five
disjoint sets composed of blocks drawn from {495, 6174, 36, 123456789, 27, 875421, 09} via Diophan-
tine constraints. The relationship to our work is one of disjoint operator families. Iwasaki’s
classification covers fixed points of the classical rule Ky(n) = a(n) — B(n) at every digit length



where they exist; ours covers fixed points of non-classical permutation-pair rules at every digit
length where they exist. The two classifications operate on different operators and produce dis-
joint fixed-point families. As a concrete check: 60714 is not a classical-rule Kaprekar number
— under Kg at d = 5 it iterates to 74943 in one step and enters the classical d = 5 four-
cycle 74943 — 62964 — 71973 — 83952 — 74943. Conversely, none of Iwasaki’s seed numbers
{495, 6174, 36, 123456789, 27,875421,09} is a fixed point of the lifted-60714 rule at its native digit
length under our coefficient-preserving construction. The two frameworks address structurally ad-
jacent questions (classifications of digit-permutation fixed points across d) on operationally disjoint
inputs, and we view them as complementary rather than competing.

The third axis is information-theoretic. Dahl (2026) [Dahl 2026] studies classical-rule entropy con-
traction on coarse-grained digit-gap coordinates.

All three axes fix the classical rule and vary structural or algebraic properties of its action. Closest
to our framework is the three-paper series of Nuez (2021-2022) [Nuez 2021, Nuez 2021b, Nuez 2022],
who develops a parametric formulation of the classical rule using symmetric-digit differences and
catalogues the transformation functions acting on these parameters. Our parametric observations
at the classical rule — in particular, the middle-digit cancellation at odd digit lengths (§1.1) —
are special cases of Nuez’s framework, and we credit him accordingly. Our axis of generalization is
distinct: we fix the base at ten and vary the rule across the full space of ordered permutation pairs
at each digit length, reaching 33 universal full-variable fixed points at d = 5 that do not appear in
any classical-rule analysis.

The systematic classification of universal full-variable fixed points at d < 6, the formulation of the
cross-dimensional question in terms of permutation-pair liftings, and the proof of Theorem 3 at
every d > 5 are, to our knowledge, all new.

1.7.1 Computational reproducibility

The d = 7 classification and outcome verification reported in this paper are reproducible on com-
modity hardware. A self-contained package (d7_audit/) is provided as supplementary material.
The package contains: an audit of the 60714 lifting at d = 7 over all 11,340 admissibles (73 s
wall-time); a parallel audit at d = 8 over all 24,210 admissibles (73 s); a sound exhaustive enu-
meration over all 9,344,160 full-variable rules at d = 7 identifying every universal full-variable fixed
point (745 s with Numba parallel); and a per-fp outcome verifier with exact basin computation
via multiset memoization (71 hour for the 53-fp two-zero d = 6 stratum verified at d = 7). Total
reproduction time end-to-end: under two hours on a 2024-era laptop. The package is documented
for non-specialist users and supports crash-resume for the longer enumerations.

1.8 Organization

§2 establishes the formal framework: permutation-pair rules, algebraic rank, universal fixed points,
native digit length, and effective rank at F'. §3 presents the exhaustive classifications at d = 3,4, 5, 6.
§4 proves Theorem 2 (the d =5 — d = 6 cross-check). §5 develops the coefficient-preserving lifting
framework and proves Theorem 3. §6 develops the {7, 6,4, 1}-thread and proves Theorem 4. §7 is a
short discussion of open questions. Appendices A-E contain the full classification tables, the 60714
ladder through d = 20, the proofs of the support lemmas, the verified classification of universal
full-variable fps at d = 7 together with cross-dimensional outcomes for the two-zero d = 6 stratum
(Appendix D), and the 6174 d = 8,9 audit details. Appendix F (added April 29, 2026; §F.5 revised



April 30, 2026) is a preliminary working note introducing a strengthened strict-d criterion and
reporting cross-dimensional findings for the {7,6,4, 1}-thread at d = 7.

2 Framework

This section establishes the formal objects, notation, and basic properties used throughout the
paper. Everything here is definitional and verifiable; no substantive claims are made in this section.

2.1 Sorted-descending digit sequences

Throughout, d > 2 is a fixed digit length (the digit length will vary between sections but is fixed
within each statement). For a non-negative integer n < 10¢, the padded digit string of n at
length d is the sequence (n4—1,n4—2,...,n1,n0) where n; is the digit at place 107, padding with
leading zeros as needed. Thus n = Z;l;é 107 n.

The sorted-descending form of n at length d is the tuple z(n) = (xo,z1,...,24-1) obtained by
sorting the padded digit string in non-increasing order, so g > x1 > --- > x4_1. For example, at
d = 5 with n = 12345, the padded digit string is (1,2,3,4,5) and the sorted-descending form is
(5,4,3,2,1).

An integer n is a repdigit at length d if all digits of its padded form are equal, i.e., xg = x4_1. An
integer is a near-repdigit at length d if its sorted-descending form has one digit appearing d — 1
or d times (the d-case coincides with repdigit). All classical Kaprekar analyses exclude repdigits;
our convention additionally excludes near-repdigits. This follows standard usage in the literature
[Prichett 1981, Dahl 2026| and is necessary in our setting because near-repdigits can produce de-
generate trajectories under coeflicient-preserving liftings, discussed at §5.6. The admissible input
set at length d, denoted Ay, is the set of non-repdigit, non-near-repdigit d-digit integers.

2.2 Permutation-pair rules

Let Sy be the symmetric group on {0,1,...,d — 1}. Given an ordered pair (7,0) € Sy X Sy with
m # o0, define the permutation-pair rule K , : Z>o — Z>q by

Kro(n) = |m-a(n) —o-z(n)],

where, for any permutation 7 € Sy and tuple = = (xg,...,z4-1),

d—1
T-x = ZlO”xi.
1=0

Thus 7 - z is the integer obtained by placing the sorted-descending digit x; at the 10™ place.

The classical rule. The classical Kaprekar rule K at digit length d corresponds tom = (d—1,d —
2,...,1,0) (descending) and o = (0,1,...,d—2,d—1) (ascending). At d =4, Kyo(n) = a(n) — B(n)
with a(n) = 7 - z(n) = 3, 109717z, arranging sorted-descending digits in their own order, and
B(n) =0 -x(n) =, 10'z; arranging them in reverse.

10



Coefficient expansion. Let r(i) = 771(i) denote the preimage of place i under a permutation 7
— that is, the sorted-descending position that contributes to the 10° place of 7 - 2. Then

d—1
TT = Z 10° Tr-1(j)-
i=0

Equivalently,
d—1
Kro(n) = > cimil,
=0
where the coefficient vector ¢ = (¢, ...,cq—1) is given by
¢ = 10™ — 107",
Sum-zero constraint. Since {m;}{"} and {o;}?_} are each permutations of {0,1,...,d — 1}, we

have ), 10™ = 3. 107 = %. Therefore ), ¢; = 0 identically. This will be important in §5.

Three equivalent representations. Throughout the paper we freely switch between three repre-
sentations of a permutation-pair rule, and it is useful to see them side by side. We use the classical
rule at d = 4 as the running example.

Assign letters a, b, ¢, d to the sorted-descending positions: a = xq (the largest digit), b = x1, ¢ = x2,
d = x3 (the smallest). A string of letters then denotes an integer: reading left-to-right from the
highest place to the lowest, each letter specifies which sorted-descending position contributes that
digit.

For the classical Kaprekar rule at d = 4, the three representations are:

(i) Letter string: Kjy(n) = abcd — dcba.
(i) Permutation pair: 7 = (3,2,1,0) and o = (0, 1,2, 3).
(iii) Coefficient vector: ¢ = (cg,c1,c2,c3) = (999, 90, —90, —999).

Worked example. Take n = 6174. Its sorted-descending form is x(n) = (xo,21,22,23) =
(7,6,4,1). Using the letter-string form, = - x = abcd = 7641 and o - x = dcba = 1467, so
Ky(6174) = |7641 — 1467| = 6174. Using the coefficient-vector form, Ky(6174) = 999 - 7 + 90 -
6—90-4—-999-1 = 6993 + 540 — 360 — 999 = 6174. Both computations give the same answer, and
both confirm that 6174 is a fixed point of Ky at d = 4.

The three representations encode the same information. The letter string is the most legible: reading
abcd — dcba makes immediately clear that the rule is “digits in descending order minus digits in
ascending order,” Kaprekar’s original statement. The permutation pair (7, o) is the formal definition
used in proofs. The coefficient vector ¢ = (cy, ..., cq—1) with ¢; = 10™ — 107 is the most useful for
algebraic manipulation, because it reduces the rule to a linear expression in the sorted-descending
digits.

For rules arising in §5 and §6 (the 60714 lifting family and the 6174 cross-dimensional pattern), we
will use whichever representation is most convenient for the context, and Appendix B provides a
complete table of all three for 60714’s ladder at each d € {5,6,...,20}.
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2.3 Algebraic rank

The algebraic rank (or surviving-variable count) of a rule K, is

sv(Kro) = {iie; #0} = [{i:m#0i}

The rule is full-variable at digit length d if sv = d — equivalently, if the map i + (m;,0;) has
w; # o; for every i.
Proposition 2.1 (derangement characterization of full-variable). A rule K., at digit length

d is full-variable if and only if 0 o 1 is a derangement of {0,1,...,d — 1}.

Proof. sv = d means m; # o; for all i. Equivalently, setting j = 7m; and p = o o 7!, this says
p(j) # 7 for all j — precisely that p is a derangement. [J

Rule counts by rank. The total number of ordered pairs (7,0) with 7 # o is d! (d! — 1). The
number of full-variable rules is d! Dy, where Dy is the number of derangements of d elements. For
small d:

d d'(dl—1) (all rules) d! Dy (full-variable)
2 2 2

3 30 12

4 552 216

5 14{,}280 5{,1280

6 517{,}680 190{,1800

2.4 Universality and fixed points

A fixed point of K, at length d is an integer F' € Ay with K ,(F) = F. A fixed point F' is
universal for K, , at length d if, for every admissible input n € Ay, the orbit n, K(n), K%(n),...
reaches F' in finitely many steps. A rule is universal for I’ at d if it satisfies both conditions.

Example (classical). The classical rule K¢ at d = 4 is universal for F' = 6174 [Kaprekar 1955]. It
reaches 6174 within at most seven iterations for every admissible input.

Example (dimension-agnostic). At d = 3, the classical rule K has coefficient vector (99, 0, —99)
— the middle coefficient vanishes by the forced borrow chain of §1.1 — so sv(K() = 2. The classical
rule at d = 3 is not full-variable. It is universal for F' = 495, but 495 is a fixed point of a rank-2
rule, not a rank-3 rule.

2.5 Native digit length

For an integer F', its native digit length dr is the smallest d such that F' is a universal full-variable
fixed point of some rule at digit length d. If F' admits no universal full-variable rule at any d, it has
no native digit length in our sense.

Example. At d = 4, the set of fixed points with native digit length 4 is {1746, 2538, 5382,6174}
(see §3). Each is a universal full-variable fixed point at d = 4 under some rule; for 6174, the rule is
classical, but the other three arise from non-classical permutation pairs.
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Dimension-agnostic fixed points. Integers such as 45 (universal at every d > 2 under low-rank
rules derived from classical reverse-pair structure), 495 (universal at d = 3 under Kj), and 450
(universal at d = 3 under a cousin of the classical rule) are not in our full-variable classification
because their rules have sv < d at every d where they appear. These integers are fixed points
of rank-reducing rules, where forced borrow chains or structural cancellations reduce the effective
input count below d. They persist across digit lengths through this dimensional reduction.

Our full-variable classification excludes these by design: we study only rules with sv = d, where
every sorted-descending position contributes nontrivially. This restriction is principled rather than
definitional. Rank-reducing rules are those whose coefficient vector has at least one zero — equiv-
alently, whose action depends on strictly fewer than d inputs. Such rules describe a (d — k)-
dimensional dynamical system embedded in a d-dimensional input space; their fixed points and
convergence behavior are determined by the lower-dimensional projection, not by the digit-length d
at which the rule happens to be expressed. Including them in the cross-dimensional question would
conflate persistence-by-projection (a structural artifact) with persistence-by-genuine-extension (the
phenomenon of interest). The classical rule at d = 5 is itself such a rank-reducer (sv = 4, not 5),
which is why classical Kaprekar fails at five digits — not because Kaprekar dynamics has no five-digit
attractor, but because the classical rule is rank-4 when viewed at d = 5. The dimension-agnostic
family (45,495,450, etc.) deserves independent study but is outside the scope of this paper. See
§1.1 for the structural derivation of the middle-digit cancellation that produces 495’s rank-2 status.

2.6 Effective rank at a fixed point

For a fixed point F' with sorted-descending form (fo, f1,..., fa—1) at length d, and for a rule K, ,
with coefficient vector ¢, the effective rank at F' is

SVF(KW,U) = HZ &) 7& 0 and f; 7& O}‘

Thus svg counts coefficients of the rule that land on nonzero digits of F. If F has z zero digits in
its sorted-descending form, then svyp < d — z for any rule.

Effective rank plays a structural role in §4 and §5. Coefficients paired with zero digits of F' vanish
in the computation of K(F), so the fixed-point equation K(F) = F is determined only by the
coefficients paired with nonzero digits. This is why coefficient-preserving lifting (defined in §5) can
introduce large new coefficients at positions corresponding to F’s zero digits without disturbing F’s
fixed-point status.

2.7 Basic properties
We collect two basic properties used without comment throughout the rest of the paper.

Proposition 2.2 (sign-flip symmetry). If K, is universal for F' at length d, so is Ky, with
the same basin. The coefficient vector of K, is the negation of that of K 5.

Proof. The rule is K ;(n) = |1 - x(n) — o - z(n)|. Swapping 7 and o negates the argument of the
absolute value, which leaves the rule invariant. [

In consequence, universal rules come in sign-flipped pairs. Throughout the paper, when we report
“the number of universal full-variable rules for F',” we count ordered pairs unless explicitly noted;
the number of geometrically distinct rules is half of this.
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Proposition 2.3 (repdigit invariance). For any rule K, and any repdigit input v (e.g., 11111
atd=05), Ky s(r) =0. Moreover, K ,(0) =0. Thus 0 is a fized point of every rule.

Proof. If all digits of 7 are equal to some value v, then 7 z(r) = v- 3, 10™ = v - (10 — 1)/9, and
o - x(r) has the same value. Their difference is zero. O

Proposition 2.3 is why we exclude repdigits from the admissible input set: they provide no nontrivial
dynamics and add a trivial fixed point 0 to every rule’s fixed-point set. Near-repdigits, excluded for
similar reasons, can also produce trajectories that collapse to 0 under coeflicient-preserving liftings.
The standard convention in Kaprekar analysis is to restrict attention to “generic” inputs with at
least two distinct digit values, and we follow this.

2.8 Summary of notation

For reference:

Symbol Meaning

d digit length

n a d-digit integer (possibly with leading zeros)

x(n) = (xoy...,x4-1) sorted-descending form of n, with g > 21 > ---

Ay admissible inputs at length d (non-repdigit,
non-near-repdigit)

T, 0 permutations in Sy

K: o permutation-pair rule

Ky classical rule (descending minus ascending)

c; = 10™ — 107 coeflicient at sorted-descending position ¢

sv(K) algebraic rank (number of nonzero coefficients)

svp(K) effective rank at F' (nonzero coefficients paired
with nonzero digits of F)

F a fixed point

dp native digit length of F’

(fo, .-y fa-1) sorted-descending form of F' at length d

Ty tail-two-zeros set: sorted-desc inputs at length
d with zg_1 =242 =0 <§5.3)

Ey escape class: admissible inputs whose orbit
reaches a block-aligned multiset (§5.2)

By block-aligned multisets at length d (Definition
5.2)

do base block size for the 60714 ladder: 5 on the
odd ladder, 6 on the even ladder

odd ladder rules at odd d > 5 extending the d = 5 native
rule by zero-sum pair appending

even ladder rules at even d > 6 extending the d = 6
split-lifted rule by zero-sum pair appending

core(x) base-block contribution to K (% (z):
9900z + 921 4+ 90z2 — 9000x3 — 9994 (odd
ladder)

O difference at the k-th appended pair:

Toktdy — T2k+dg+1 (§C.4)
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Symbol Meaning

sum_locked spans(Kr) within-thread invariant: »_; . o|m — 03] (§6.4)

coefficient-preserving lifting a rule at d 4+ k whose coefficient vector extends
the d-coeflicient vector by appending k pairs
that sum to zero (§5.1)

dimension-transcendent a fixed point with a coefficient-preserving lifting
at every d > dp

3 Classification of Universal Full-Variable Fixed Points at d <6

This section presents the complete classification of universal full-variable fixed points at digit lengths
d=3,4,5,6. The classification at each d is obtained by exhaustive enumeration: every full-variable
rule is tested against every admissible input, and the universal rules are identified. The counts are
definitive; the full list of fixed points at d = 6 appears in Appendix A.

3.1 Method

At each digit length d, we enumerate the full-variable rules — ordered pairs (m,0) € Sy x Sy with
m; # o; for every i (Proposition 2.1) — and for each such rule we check:

1. Does the rule have at least one fixed point F' € A47
2. For each fixed point F, is the rule universal for F'? That is, does every input n € Ay reach F
under iteration?

A rule is universal at d if both conditions hold. The set of universal full-variable fixed points
at d is the set of integers F' arising as the attractor of some universal full-variable rule.

The enumerations are complete. At d = 6, the largest case we present, 190,800 full-variable rules
are tested against 4,905 admissible digit multisets (999,450 admissible padded six-digit strings), a
search that runs in hours on commodity hardware with the iteration-and-caching implementation
described in Appendix A.

3.2 d = 3: no universal full-variable fixed points
At d = 3, there are 12 full-variable rules (Proposition 2.1, 3! - D3 =6 -2 = 12).
Theorem 3.1. No full-variable rule at d = 3 is universal for any fized point.

Proof sketch. Direct enumeration. For each of the 12 rules, the iteration from any admissible
d = 3 input enters a cycle of length > 2 or a non-universal fixed point. No rule admits a fixed point
with basin covering all of As. Full computation in Appendix A.1.

Remark on 495. The classical attractor 495 does not appear here because the classical rule Ky at
d = 3 is not full-variable: its middle coefficient vanishes by the forced borrow chain (§1.1), giving
sv(Kp) = 2. 495 is a fixed point of a rank-2 rule, outside the scope of Theorem 3.1. It reappears in
Appendix §2.5 as a dimension-agnostic fixed point.

15



3.3 d = 4: four universal full-variable fixed points
At d = 4, there are 216 full-variable rules (Proposition 2.1, 4! - Dy = 24 -9 = 216).

Theorem 3.2. There are exactly four universal full-variable fixed points at d = 4:

Fy = {1746, 2538, 5382, 6174 }.

These fized points are reached by exactly 8 universal full-variable rules in total (each fixed point
reached by exactly 2 universal rules, which are sign-flips of each other per Proposition 2.2).

Proof. Exhaustive enumeration of 216 rules against 615 admissible digit multisets (9,630 admissible
padded four-digit strings). For each universal rule, basin coverage of Ay is verified directly. Full
computation in Appendix A.2.

Structure of the classification. All four universal fixed points share the digit-sum property
> fi =0 (mod 9). The integers 6174 and 1746 are digit-permutations of each other (both have
multiset {1,4,6,7}); 2538 and 5382 are digit-permutations of each other (multiset {2, 3,5,8}). These
anagram clusters will recur in §3.4 and §6.

Observation 3.1. The sum of the two fized points in each anagram cluster is 7920:

6174 + 1746 = 7920, 2538 + 5382 = 7920.

This identity is a specific instance of reverse-pair structure at d = 4: if I’ has digits summing to 18,
then F' + reverse(F') takes a predictable form. We do not develop this further here; see [Nuez 2021]
for parametric analysis of this phenomenon.

Connection to the classical rule. K at d = 4 is full-variable (coefficient vector (999, 90, —90, —999)),
and K is one of the 2 universal rules for 6174. The classical Kaprekar theorem is thus recovered
within our classification as a specific entry in Theorem 3.2.

3.4 d =5: thirty-three universal full-variable fixed points
At d = 5, there are 5,280 full-variable rules (Proposition 2.1, 5! - D5 = 120 - 44 = 5,280).

Theorem 3.3. There are exactly 33 universal full-variable fized points at d = 5, reached collectively
by 66 universal full-variable rules. Each fized point is reached by exactly 2 universal rules (sign-flip
pairs).

Proof. Exhaustive enumeration of 5,280 rules against 1,902 admissible digit multisets (99,540
admissible padded five-digit strings). Full computation in Appendix A.3; the complete list of 33
fixed points appears in Table 3.1 below.

Classical rule does not appear. The classical rule Ky at d = 5 is not in the full-variable
classification: its coefficient vector (9999, 990, 0, —990, —9999) has middle coefficient zero (by the
forced borrow chain at odd digit length, §1.1), so sv(Kp) = 4, not 5. The observation that “the
classical Kaprekar routine fails at d = 5” is, in our framing, the observation that the classical rule
at d = 5 is not even in the full-variable space — there is no contradiction to the existence of 33
universal attractors in that space.
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Reverse-pair structure fails at odd d. The classical rule is a specific “reverse-pair” rule (o; =
Tqg—1—i)- At even d, reverse-pair rules can be full-variable; at odd d, they cannot — the middle
position always satisfies o(q_1)/2 = m(4_1)/2, forcing sv < d — 1. Consequently, all 66 universal full-
variable rules at d = 5 are non-reverse-pair — they have no mirror symmetry. This is a structural
distinction from the classical case.

Table 3.1. The 33 universal full-variable fized points at d =5, grouped by digit multiset.

Multiset Fixed points Cluster size

{0,0,0,4,5} 54 1

{0,3,3,5,7} 3753 1

{0,1,4,6,7} 60714, 60417 2

{1,2,3,4,8} 18342, 21834, 24183, 41832, 5
42183

{2,3,5,8,9} 28539, 53928, 58239 3

{1,5,6,7,8} 16578, 16758, 17685, 65781, 5
67581

{3,4,5,7,8} 37584, 37854, 38754, 43758, 6
43785, 43875

{1,2,4,5,6} 12456, 14562, 15642, 16524, 10

21456, 24156, 24561, 41562,
45612, 45621

Total: 33 fized points across 8 multiset clusters. Fach fixed point is universal for exvactly 2 rules
(sign-flip pair), giving 66 universal rules total.

Observation 3.2. The {0,1,4,6,7} multiset produces exactly two universal fized points at d = 5:
60714 and 60417. These are the multiset twins featured in §6. Despite identical digit content, their
native rules differ in a specific structural invariant (developed in §6) that predicts their contrasting
cross-dimensional behavior.

Observation 3.3. The classical fized points 6174, 1746, 2538, 5382 (from d = 4) do not appear at
d =5 even as fized points of any full-variable rule — not merely as non-universal fized points, but
as non-fized points. Exhaustive enumeration confirms: for each of these four integers padded to five
digits, no full-variable rule at d =5 satisfies K(Fpaddea) = F'-

Observation 3.4 (effective rank within the full-variable classification). Two of the 33 fized
points in Table 3.1 — namely 54 and 3753 — have effective rank at F' strictly less than their native
algebraic rank:

e 54 has sorted-descending form (5,4,0,0,0) at d = 5; three of the five digits are zero. Its native
sv="5 rule is m = (1,2,4,3,0),0 = (2,0, 3,4, 1) with coefficient vector (—90, 99,9000, —9000, —9).
Three of these five coefficients are paired with zero digits in the fixed-point equation, giving
SVF(K54) =2<b= SV(K54).

e 3753 has sorted-descending form (7,5,3,3,0) at d = 5; one digit is zero. Its native rule has
svp =4 < 5.

These fized points are genuinely in the full-variable classification — their native rules are alge-
braically rank-5 — but their effective rank at F is reduced by absorption of coefficients at zero-digit
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positions. This is the mechanism that underlies coefficient-preserving lifting in §5, visible here at the
root of the classification: a rule can be algebraically full-variable while being effectively lower-rank
on a specific fived point. The remaining 31 fps in Table 3.1 all have no zero digits and therefore
have svp = sv = 5.

3.5 d=6: five hundred and six universal full-variable fixed points
At d = 6, there are 190,800 full-variable rules (Proposition 2.1, 6! - Dg = 720 - 265).

Theorem 3.4. There are exactly 506 universal full-variable fized points at d = 6, reached collectively
by 1,174 universal full-variable rules.

Proof. Exhaustive enumeration of 190,800 full-variable rules against 4,905 admissible digit multi-
sets (999,450 admissible padded six-digit strings). Full enumeration data and the complete list of
506 fixed points are in Appendix A.4.

Remark on enumeration soundness. The reproducibility script classify_at_d.py uses a
candidate-filtering heuristic followed by full-basin verification of each candidate, which scales tractably
to d = 6 but is not by itself a sound enumeration (a candidate fp could in principle be missed by the
filter). The 506 count was independently cross-verified against three sources that all agree: (i) a 3-
day exhaustive enumeration on consumer hardware producing results_db. json, (ii) a no-shortcut
sound enumeration on the verifier container, and (iii) the supplementary file d6_fps.txt, whose
stratification by zero-digit count (205 + 240 + 53 + 8 = 506) matches the table below. The three
sources independently arrive at the same fixed-point set and the same count.

Stratification by zero digit count. The 506 fixed points distribute as follows by the number of
zero digits in each fixed point:

Zero-digit count Fixed-point count

0 205
1 240
2 53
3 8
Total 506

This stratification matters for §5 and §6: fixed points with more zero digits admit more coeflicient-
preserving liftings to higher d, a phenomenon visible already at the d = 5 — d = 6 boundary and
developed in detail at §6.

Note on the high-zero-count strata. The 8 fps with 3 zero digits at d = 6 all share digit
multiset {0,0,0,2,2,5}: they are {252,2520, 20025, 25200, 200025, 200250, 250200, 252000}. There
are no universal full-variable fps at d = 6 with 4 or more zero digits — the trivial fixed point F' = 0
is excluded throughout this paper by the convention of §2 (Proposition 2.3). In particular, the
fixed point 549,945 has digit multiset {4,4,5,5,9,9} with no zero digits and does not appear in this
stratification.

Connection to classical Kaprekar at d = 6. The classical rule Ky at d = 6 has coefficient vector
(999,999, 89,991, 8,991, —8,991, —89,991, —999,999) after simplification. It is full-variable at d = 6
(all coefficients nonzero). [Dahl 2026| analyzes its basin: the rule is not universal at d = 6 — it
produces a 7-cycle that attracts 93.55% of inputs, with 6.25% reaching F' = 631,764 and 0.20%
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reaching F' = 549,945. The universal fixed points at d = 6 in our classification are attractors of
other full-variable rules, not the classical one.

Observation 3.4. The digit sum of every universal full-variable fixed point at d = 6 is divisible by
9. The distribution of digit sums is strikingly bell-shaped about 27 (the midpoint of the admissible
range {9,18,27,36,45} ):

Digit sum Fixed-point count

9 8
18 156
27 244
36 96
45 2

Total 506

This pattern reflects a general arithmetic fact about universal Kaprekar-type attractors: K(n) =0
(mod 9) whenever n € Ay, so fixed points satisfy F' = 0 (mod 9). The bell-shape reflects the
combinatorics of digit-multisets satisfying this modular constraint.

3.6 Summary

The classifications at d = 3,4, 5,6 are:

d Full-variable rules Universal fps Universal rules
3 12 0 0

4 216 4 8

5 5,280 33 66

6 190,800 506 1,174

Each classification is complete and reproducible; full enumeration scripts and data are in Appendix
A.

Why the count grows so quickly. The growth in universal fixed-point count from 0 at d = 3
to 506 at d = 6 reflects two phenomena: (i) the space of full-variable rules grows factorially in
d, providing more opportunities for fixed points, and (ii) integers with more digits have more
admissible multisets, more potential rearrangements, and so more potential fixed-point equations
to satisfy. The question of which of these 506 fixed points at d = 6 arise as coefficient-preserving
liftings from lower d, and which are genuinely new at d = 6, is the content of §4.

4 Cross-Dimensional Cross-Check: d =5 —d =06

§3 established the classifications at d = 3,4, 5,6 independently at each digit length. This section
addresses the cross-dimensional question of §1.3: among the 33 universal full-variable fixed points
at d = b, which extend to d = 6 as universal full-variable fixed points?
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4.1 The question, formally

Let F5 = {F(1), ..., FG3} be the set of universal full-variable fixed points at d = 5 (Theorem 3.3).

For each F*) ¢ Fy. consider the padded integer F((g)) — that is, F®) interpreted as a six-digit

integer by prepending a zero. Let F(¥) denote its sorted-descending form at length 6: this is the
sorted-descending form at length 5 with a zero appended, since padding adds a zero that sorts to
the smallest position.

We ask two questions for each F*):

Question A (algebraic). Does any full-variable rule K , at d = 6 satisfy K(F(k)) = F(®? That

(6)
is, does the fixed-point equation admit any full-variable solution at d = 67

Question B (dynamic). If yes, is any such rule universal for F’ (k) at d = 6 — meaning every
input in Ag iterates to F*)?

A positive answer to both questions constitutes coefficient-lifting success from d = 5 to d = 6:
the fixed point F*) is a universal full-variable fixed point at both digit lengths. A negative answer
to Question A is algebraic obstruction (no rule even fixes F *) at d = 6). A negative answer
to Question B despite a positive answer to A is dynamic obstruction (rules fix F®) but none is
universal).

4.2 The result

Theorem 4.1. Among the 33 universal full-variable fixed points at d = 5, the cross-dimensional
behavior at d = 6 is as follows:

e 17 fixed points face algebraic obstruction: no full-variable rule at d = 6 fixes F'.

e 15 fixed points face dynamic obstruction: full-variable rules at d = 6 fix F, but none is
universal.

e 1 fixed point admits a universal coefficient lifting: F' = 60714. Of the four full-variable
rules at d = 6 satisfying the fixed-point equation K (60714) = 60714, exactly two are dynamically
universal (basin = 1 over admissible inputs), and these two form a sign-flip pair.

Formally: the set of d = 5 universal full-variable fixed points that are also d = 6 universal full-
variable fized points is {60714}. All other 32 d =5 fized points are dimension-locked at d = 5.

Proof. By exhaustive computation in two parts.

Algebraic part. For each Fk) ¢ F5, we enumerate all full-variable rules K, at d = 6 and test

whether K(F((:))) = F(®)_ This reduces to a solution-counting problem: writing F(*) = (fo,---, [f5),

we seek (m,0) € Sg x S with m; # o; for every i and ), (10™ —107%) f; = +F®) . Since F*) € Fy is
nonzero, the equation is nontrivial. For each F'*) the number of full-variable (m,0) satisfying the
equation is a specific non-negative integer. Computing this count for all 33 fixed points:

e 17 fixed points admit zero full-variable solutions.

e 16 fixed points admit at least one full-variable solution. The number of full-variable rules satisfying
the fixed-point equation per fixed point varies from 4 (for 60714 and 60417) up to 528 (for F' = 54,
with three zero digits when padded). Among these algebraic solutions, only some are dynamically
universal.
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Dynamic part. For each of the 16 fixed points with at least one algebraic solution, we test each
fixed-point-satisfying rule for universality: does every admissible input n € Ag iterate to F) under
this rule? This test is direct: iterate from each admissible digit multiset at d = 6 (4,905 multisets)
for up to 300 steps, and record whether F(®) is reached. The basin is then the fraction of inputs
reaching F'*).

For 15 of the 16 fixed points with algebraic solutions, every fixed-point-satisfying rule has basin
< 1. The best basins are tabulated below.

For 1 fixed point — F' = 60714 — exactly two of the four full-variable rules satisfying the fixed-point
equation are universal (basin = 1.0); the other two have basin substantially less than 1.

The computation is implemented as a two-stage enumeration: first a fast enumeration over (7,0) €
Se X Sg with derangement filtering, producing the algebraic-solution set; then a basin test on each
surviving candidate. Total runtime on commodity hardware: a few minutes for the algebraic part,
several hours for the dynamic part. Full enumeration logs and per-fixed-point data are in Appendix
A4. 0

4.3 Tabulation of the 32 dimension-locked fixed points
Table 4.1. The 17 fized points at d = 5 with algebraic obstruction at d = 6.

Fixed point Digit multiset at d =5

12456 {1,2,4,5,6}
14562 {1,2,4,5,6}
15642 {1,2,4,5,6}
16524 {1,2,4,5,6}
21456 {1,2,4,5,6}
24156 {1,2,4,5,6}
24561 {1,2,4,5,6}
28539 {2,3,5,8,9}
38754 {3,4,5,7,8}
41832 {1,2,3,4,8}
42183 {1,2,3,4,8}
43758 {3,4,5,7,8}
43785 {3,4,5,7,8}
43875 {3,4,5,7,8}
53928 {2,3,5,8,9}
65781 {1,5,6,7,8}
67581 {1,5,6,7,8}

All 17 fized points share a structural feature: their multisets at d = 5 contain at most one zero
digit, so padding to d = 6 gives at most two absorbing positions — typically insufficient for any
full-variable sv= 6 rule to satisfy K(F)) = F{g)-

Table 4.2. The 15 fized points at d = 5 with dynamic obstruction at d = 6.

For these 15 fixed points, full-variable rules satisfying K (F(g)) = F(s) exist but are not universal.
The best basin each fixed point achieves at d = 6 over the 4,905 admissible multisets is given below.
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Fixed point # candidate sv=6 rules Best basin

o4 528 0.9631
60417 4 0.9598
21834 4 0.9472
45621 12 0.7951
24183 4 0.7182
37584 2 0.5594
45612 12 0.5111
41562 4 0.5025

3753 16 0.3199
18342 4 0.2137
16578 2 0.1953
58239 4 0.1880
16758 2 0.0520
37854 2 0.0245
17685 2 0.0049

The basins range from 0.0049 to 0.9631; no rule is universal. For most fized points, competing
attractors (the rule’s other fized points or short cycles) draw off substantial fractions of input space.
Notably, 54 and 60417 achieve basins very close to 1 (respectively 0.9631 and 0.9598) but remain
dynamically obstructed — they are “near misses” in a precise sense, and were among the candidates
investigated in detail before 60714 was identified as the unique transcendent fp at d = 5.

Observation 4.1 (zero-digit count predicts algebraic solvability at d = 6). Among the 33
fized points at d =5, those with one zero digit at d =5 (so two zero digits when padded to d = 6) are
candidates for coefficient-preserving lifting with two absorbing positions. Those with no zero digits
have only one absorbing position after padding, and empirically none admits a full-variable sv=6
rule fizing them. This pattern — more zero digits = more absorbing capacity = more algebraic
solutions — 1is developed further at §5 and §6.

4.4 The unique success case: F' = 60714
We record the d = 6 universal lifting of 60714 explicitly, as it is the cornerstone of §5.

Proposition 4.1. At d = 6, exactly 2 full-variable rules are universal for F' = 60714. These are
sign-flip pairs of each other. One canonical representative has permutations

m=(4,1,2,3,50), o=(2,0,1,4,3,5),

with coefficient vector

c = (9900, 9, 90, —9000, 99000, —99999).

In letter notation (§ Appendiz B conventions), the rule is
K (n) = eadcbf(n) — fdeach(n).
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The rule is universal at d = 6: every admissible input n € Ag iterates to 60714 under K, with basin
= 1.0 verified over all 4,905 admissible digit multisets (999,450 admissible padded siz-digit strings).

Verification. Apply K to F(g) = 060714. Sorted-descending form: (7,6,4,1,0,0). Compute:

K(060714) = |eadcbf - fdeacb|a:77b:67c:4,d:1,e:07f:0 = ‘071460 - 010746| =60714. V

Universality is verified by exhaustive iteration over Ag: every admissible six-digit integer reaches
60714 in at most some number of steps, with maximum reaching time bounded for all inputs (direct
fixing) and up to a small number of steps for the remainder. See Appendix A.4 for the full basin-
verification log. [J

The structural shape of the lifting. Compare 60714’s native rule at d = 5:

5 = (47 1327370)’ 05 = (2707 1’4’ 3)’

coefficient vector (9900, 9,90, —9000, —999).

The d = 6 rule does not simply append a position; it restructures. Specifically: the d = 5 rule’s
fifth coefficient is —999; the d = 6 rule’s fifth and sixth coefficients are 99000 and —99999, which
sum to 99000 — 99999 = —999. This is the split lifting structure developed at §5: the single native
coefficient —999 is “split” across two new positions at d = 6, summing back to —999 to preserve the
action of the rule on F”’s nonzero digits (since both new positions correspond to zero digits of F(g),
which absorb them in the K (F') = F' computation).

This lifting structure is explicit, and its generalization to d = 7,8,9, ... is the content of §5.

4.5 Implications for the paper

Theorem 4.1 is the central cross-dimensional result at the d =5 — d = 6 boundary. It establishes:

1. Cross-dimensional universality is rare at this boundary. Only 1 of 33 fixed points suc-
ceeds.

2. The distinction is structural, not incidental. 60714’s native rule has a specific algebraic
structure — the split-lifting structure — that admits extension to d = 6. The other 32 fixed
points’ native rules do not.

3. The mechanism generalizes. The coeflicient-preserving lifting that works at d =5 — d =6
can be iterated tod =6 -d =7 — d =8 — --- for 60714. This is the content of §5.

4. The uniqueness of 60714 is proven. No other d = 5 universal full-variable fixed point extends
to d = 6. Future results about 60714’s cross-dimensional behavior rest on this uniqueness, which
is established here by exhaustion.

Remark on Conjecture 1 (informal statement). For a universal full-variable fixed point F at
native digit length dp, define its dimension-locking spectrum as the set of d > dp at which F is also
a universal full-variable fixed point. Theorem 4.1 establishes that 32 of 33 fixed points at d = 5
have empty dimension-locking spectrum extension to d = 6, and that one — 60714 — has d = 6
in its spectrum. Theorem 5.2 of the next section extends this: 60714’s dimension-locking spectrum
contains every d > 5. The other 32 fixed points’ spectra at d > 6 are addressed individually
at the appendix level, but no systematic characterization of which fixed points have unbounded
dimension-locking spectra is presently known beyond the case of 60714.
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A formal conjecture — that every full-variable fixed point with unbounded dimension-locking spec-
trum admits a coefficient-preserving lifting similar to 60714’s — is stated as Conjecture 7.1.

5 Dimension-Transcendence of F = 60714

This section develops the coefficient-preserving lifting framework and proves the paper’s main the-
orem (Theorem 5.2): F = 60714 is a fixed point of an explicit coefficient-preserving lifting at every
digit length d > 5, with universal convergence on A, \ E; at every d > 5, where the escape class
E; is empty at d = 5,6 and at d > 7 is structurally continuous with the classical Kaprekar escape
phenomenon (the ten repdigits at d = 3, the ten multiples of 1111 at d = 4).

The section is structured as follows. §5.1 defines coefficient-preserving liftings and establishes that
such liftings automatically satisfy the fixed-point equation (Proposition 5.1). §5.2 specializes to
the zero-sum pair construction used for 60714, introduces the two ladders (odd and even), and
states the main theorem. §5.3 reduces the theorem to two lemmas: Lemma 5.1 (structural closure
of the tail-two-zeros set) and Lemma 5.2 (bounded reaching time). §5.4 proves Lemma 5.1. §5.5
proves Lemma 5.2 in two parts: finite-state enumeration at d < 16, and a d-independent algebraic
argument (one-step Ty closure at d > 15 on the odd ladder; bounded reaching time at d > 16 on the
even ladder). §5.6 addresses near-repdigit exclusion. §5.7 completes the proof of the main theorem.

5.1 Coefficient-preserving liftings

Throughout this section, F' denotes a universal full-variable fixed point at some native digit length

dp, and Kéle) denotes a specific universal rule at dy with coefficient vector ¢(@r) = (CosClye-yCap1)-
Let fUF) = (fo,..., far—1) be the sorted-descending form of F' at dp, and let Z = {i : f; = 0} be
the set of zero-digit positions, N = {i: f; # 0} ={0,1,...,dp — 1} \ Z the nonzero-digit positions.

For any d > dp, write Fgy for F' padded to d digits. The sorted-descending form of Fig) is fldr)
with d — dp zeros appended (since padding adds zeros, which sort to the smallest positions). Thus
D= (fo,..., fdr-1,0,0,...,0) with d — dp trailing zeros.

Definition 5.1 (coefficient-preserving lifting). A rule K9 at digit length d > dp with co-
efficient vector 9 = (&,é1,...,84_1) is a coefficient-preserving lifting of KgiF) at length d

if

¢; =c¢; forevery i € N.

(That is, the coefficients at F'’s nonzero-digit positions are preserved verbatim from the native rule.)

Proposition 5.1 (fixed-point equation preservation). If KW s a coefficient-preserving lifting
of KI(;iF), then K\ (Fg)) = F.

Proof. By the coefficient expansion of §2.2,

K9(F )
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For i € N, ¢ = ¢; and fi(d) = fi. Fori e Zn{0,...,dp — 1}, fi(d) =0,s0¢-0=0. For
ie{dp,...,d—1}, fi(d) = 0 (the appended-zero positions), so again ¢; - 0 = 0. Therefore

K9D(F ) =

D i fi

1EN

= [K(F)| = F,

where the final equality uses that K}dF ) fixes F at d r. U

Remark 5.1. Proposition 5.1 shows that the fixed-point equation is automatic under coefficient-
preserving lifting. All structural content of the lifting — both the nontrivial coefficients at zero-digit
positions and the sign-sum structure — lives in the coefficient positions corresponding to F’s zero
digits, where it does not affect K(F') = F. This is the fundamental observation enabling the uniform
construction across d.

Remark 5.2. Proposition 5.1 does not assert universality of the lifting — it asserts only that the
lifting satisfies K(F') = F. Universality at d > dp requires that every admissible input iterates to
F', which is a substantively stronger claim. The remainder of §5 is devoted to establishing this for
the specific lifting family constructed for 60714.

Remark 5.3 (discovered vs engineered). A natural objection is that since the lifting is built
so that appended coefficients vanish on F’s zero-digit positions, K(F') = F “comes for free” by
construction. This objection is correct as stated, and it is important to be precise about what is and
is not engineered. The fixed-point equation K (d)(F ) = F at d > dp is engineered: Proposition 5.1
shows it follows automatically from the coefficient-preserving structure. The non-trivial content
lives elsewhere. First, the selection of F' = 60714 from the population of 33 universal full-variable
fixed points at d = 5 is not engineered — it is the unique survivor of the cross-dimensional test
of Theorem 4.1, with 32 other candidates failing either algebraically (no rank-6 rule fixes them) or
dynamically (the rules that fix them have basin strictly less than 1). Second, the dynamical claim
that the lifted rule converges universally on A, \ E4 at every d > 5 — with E; = () at d = 5,6 and
an exactly-characterized escape class continuous with the classical case at d > 7 — is a substantive
theorem about the rule’s iterated behavior, not about the algebra of K(F) = F. Engineering the
algebraic identity is cheap; surviving the cross-dimensional selection and yielding universal dynamics
is not. The integer 60714 is what the framework selected, not what it was built to fit.

5.2 The zero-sum pair construction for 60714

Let Kég)714 denote the native rule at d = 5 for F' = 60714: permutations 7= = (4,1,2,3,0), 0 =
(2,0,1,4,3), coefficient vector ¢® = (9900,9,90, —9000, —999). The sorted-descending form of
60714 at d =5 is (7,6,4,1,0), so N ={0,1,2,3} and Z = {4}.

)

Definition 5.2 (zero-sum pair construction at d = dr + 2k). Given Kég714 at some d on the
odd ladder (d =5,7,9,...) with coefficient vector ¥ and permutations (7\?, o(D) using exponents
{0,1,...,d — 1}, the zero-sum pair lifting to d + 2 is the rule with permutations

ald+2) — (W(()d), .. ,7Tc(ld_)1, d+1, d), oldt+2) — (O'(()d), .. 7U¢(id—)1’ d, d+1),

and coefficient vector
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2 = (DD 0t — 107, 104 — 10941,

The last two appended coefficients are +9 - 10 and —9 - 10¢, summing to zero. On the even ladder
(d =6,8,10,...) the construction is the same with the signs of the appended pair reversed; the two
ladders differ only by this sign convention.

The two ladders for 60714.

e Odd ladder root: Kég)714 as defined above. Coefficient vector (9900, 9,90, —9000, —999).

e Even ladder root: the d = 6 split lifting of the native rule. Permutations = = (4,1,2,3,5,0),
o =(2,0,1,4,3,5), coefficient vector ¢(6) = (9900, 9, 90, —9000, 99000, —99999). This is a coefficient-
preserving lifting at d = 6: the coefficients at nonzero-digit positions of Fg) are preserved
(9900, 9,90, —9000), while the native coefficient —999 at position 4 is replaced by two coeffi-
cients at positions 4 and 5 summing to —999: namely, 99000 + (—99999) = —999. Both new
coefficients are at zero-digit positions (the original position-4 zero and the new position-5 zero
from padding), so Proposition 5.1 applies.

e Iterative extension. Starting from the odd ladder root, the odd ladder rules at d = 7,9, 11, ...
are obtained by successive zero-sum pair liftings per Definition 5.2. Starting from the even ladder
root, the even ladder rules at d = 8,10,12,... are obtained similarly.

Explicit rules at d = 5,6,...,20 (and at d = 100) appear in Appendix B.

On the role of admissibility. Throughout this section, A4 denotes admissible inputs (non-repdigit
and non-near-repdigit; see §2.1). The exclusion is essential: repdigits trivially map to zero under
any sum-zero rule, and near-repdigits exhibit pathological trajectories that escape the structural
argument of Lemma 5.1 by projecting onto inadmissible lower-dimensional inputs. The escape class
E4 defined below is a strict subset of Ay, characterizing the residual class within the admissible
domain. See §5.6 for full discussion of why both restrictions are necessary.

Definition 5.2 (block-aligned multiset). Let dy = 5 if d is odd, dy = 6 if d is even. A
sorted-descending multiset (xo,x1,...,x4-1) at digit length d is block-aligned for the 60714 ladder

if:
1. The first dy positions are all equal: vo =1 = -+ = Tg4,—1-
2. Each appended pair has equal digits: x4, = Tdy+1, Tdy+2 = Tdy+3, and So on.

The set of block-aligned multisets at digit length d is denoted By.

The block-aligned multisets are precisely the inputs on which the constructed rule K, ég;l 4 evaluates to
0 in a single step: the dp-block contributes (x)(co+c1+- - -+cqy—1) = 0 because the base coefficients
sum to zero, and each appended zero-sum pair (cx, —cg) contributes 0 when the corresponding two
digits are equal.

Definition 5.2.1 (escape class). The escape class at digit length d > 7 is

E; = {neAy: Kég;m’{(n) € By for some finite Kk} C Ay.
By construction, Es = Eg = (.
Theorem 5.2 (Main theorem). The rules Kég%p; constructed as above satisfy:

1. (Algebraic.) K2, ,(60714) = 60714 at every d > 5.
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2. (Universal convergence on A;\ Eq.) For every d > 5 and every admissible input n € Ag\ Eq,

the orbit Kég)714“(n) = 60714 for some finite k. The escape class Eq is empty at d = 5,6 (so
universal convergence holds on all of Agq there) and is non-empty at d > 7, where it is structurally
continuous with the classical Kaprekar escape phenomenon at d = 3,4 (Observation 7.6.0). Every
n € Eg has orbit reaching 0 in finitely many steps; for d < 11, exhaustive enumeration confirms
collapse in at most 4 iterations, but a uniform-in-d bound remains open (Conjecture 7.6, Basin
Density Conjecture, Depth part).

Lemma 5.5 (closed-form count of the step-1 escape class). Let Ec(ll) ={neA;: Kég)714(n) =

0} be the inputs that collapse in one step. Then E(gl) = BgN Ay, and

1 k-1
201 = ( o )_10

where k =14 |(d — dy)/2] counts the number of blocks (one base block plus appended pairs). The
subtraction of 10 removes the repdigit case (a single digit replicated across all blocks).

This closed form gives |Ea(l1)| values 45, 45, 210, 210, 705, 705, 1992,1992, . .. at d = 7,8,9,10,11,12,13,14, . ..
Remark (empirical confirmation at d =7 and d = 8). The closed-form prediction of Lemma
5.5 has been verified by erhaustive enumeration at both d = 7 and d = 8. At d = 7, the formula

gives k = 2 and predicts \Eél)\ = 45; at d = 8, the formula gives k = 2 and predicts |E§1)| = 45.
Both predictions match exhaustive enumeration exactly:

o d =7 (odd ladder): 45 admissibles collapse to 0 in step 1 under the d = 7 lifted rule of Tables
B.1-B.2. Total escape class |E7| = 81 (45 in step 1, 36 in step 2). Mazimum reaching time
amonyg successful trajectories: 30 steps. Basin: 11,259/11,340 ~ 0.992857.

e d =38 (even ladder): 45 admissibles collapse to O in step 1 under the d = 8 lifted rule of Tables
B.1-B.2. Total escape class |Eg| = 45 — every escape is a one-step collapse, with no multi-step

escapes. Maximum reaching time among successful trajectories: 21 steps. Basin: 24,165/24,210 ~
0.998141.

The contrast — multi-step escapes at d = 7 vs. uniformly one-step escapes at d = 8 — is part of a
real even/odd ladder asymmetry verified by exhaustive enumeration through d = 11. At even d on

the canonical lifting, |E4| = |Ec(ll)| exactly (every escape orbit collapses in one step). At odd d, multi-

step escape orbits exist and |Eq| is a small multiple of ]Eél)]. The mechanism distinguishing the two
ladders sits in the sign convention on the appended zero-sum pair (Table B.1) and is structurally
interesting; we flag it here as a target for future analysis.

The full escape class Ey is the backward orbit of By N Ay under Kég)714. Empirical computation

shows |Ey| is bounded by a small multiple of |E§1)| at each d < 11 and that all orbits in E,; reach 0
in at most 4 iterations. A general bound on |Ey| as d — oo remains open.

The proof of Theorem 5.2 occupies the remainder of this section.

5.3 Reduction to two lemmas
The proof strategy has two parts.

First, we identify an absorbing set Ty C Ay with two properties: (i) Ty is closed under Kég)?M, and

(ii) on Ty, the rule Kég)714 acts isomorphically to Kég;ﬁl) on a corresponding set at the lower digit
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length. These two properties together mean that once an orbit enters T}, its convergence behavior
reduces to the corresponding question at d — 2.

Second, we show that every admissible input reaches Ty in a bounded number of iterations.

Definition 5.3 (tail-two-zeros set). At digit length d > 7, the tail-two-zeros set Ty C Ag is the
set of admissible inputs whose sorted-descending form ends in at least two zeros: rq_1 = x4 = 0.

Lemma 5.1 (Structural closure). For every d > 7 on either ladder, and for every n € Ty:

1. Kégém(n) € Ty (the set is closed under the rule).
2. Writing n’s sorted-descending form as (zg,...,xq—3,0,0), we have

d d—2
K((so)714(n) = Kéo714) ((:1:0, e a$d—3))
— that 1is, the rule’s action on Ty is exactly the rule at d — 2 applied to the non-tail digits.

Lemma 5.2 (Bounded reaching time). For every d > 7 on either ladder, there exists a finite
T} such that for every n € Ag, some iterate Kég)7147(n) € Ty with = < T. In particular, orbits
enter Ty within a bounded number of iterations.

Lemma 5.1 is structural and holds by direct computation on the zero-sum pair construction. Lemma
5.2 is the substantive claim: it requires ruling out orbits that cycle in Ay \ T,; without ever entering
Ty.

Granting both lemmas, Theorem 5.2 follows by induction on d along each ladder:

e At d = 5 (odd ladder root) and d = 6 (even ladder root), universality is established by direct
verification (these are the ladder-root cases from §3 and §4).

e At d > 7on a given ladder, every admissible input n € A4 reaches T in < T7 iterations by Lemma
5.2. By Lemma 5.1, once in Ty, the orbit behaves as an orbit of Kég;li) on the corresponding
input at d—2. By induction, this orbit reaches 60714 in finitely many steps. Pulling back through

the isomorphism of Lemma 5.1, the original orbit at d reaches 60714.

This completes the proof of Theorem 5.2 modulo the two lemmas, which are proven in §5.4-85.5.

5.4 Proof of Lemma 5.1 (structural closure)

Fix d > 7 on the odd ladder (the even ladder argument is identical with appropriate sign conven-
tions). Let n € T; with sorted-descending form (xg, ..., z4-3,0,0).

céd_z), e ,cgd__g?), 1041 —
1092, 1092 — 10d*1)7 where the last two coefficients are the appended zero-sum pair. Therefore

Step 1: Computing K (n). The rule’s coefficient vector at d is ¢(? = (

d—3
K(d)(n) — Z ng—?)xi 4 (10d71 o 10d72) 0+ (1Od72 B 10d71) 0
=0

d—3
Z (d-2)

¢ Tl .
1=0

The last two terms vanish because x4_9 = x4—1 = 0. Therefore K (n) depends only on (zg, ..., z4-3),
and its value equals K(*=2)((zo,...,x4_3)). This proves (2).
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Step 2: Closure of T;. Let m = K@ (n). By Step 1, m = K42 ((xg,...,24_3)). We must show
that when m is considered as a d-digit integer (by padding with two leading zeros if necessary), its
sorted-descending form at d still ends in two zeros.

Observe that m < max.cz |¢| - max, |z| over the coefficients and digits of K(@=2). Concretely, the
value of K(@=2) on any input at d — 2 is bounded above by 1092 (the number has at most d — 2
digits, as it is the output of a rule at d — 2). Hence m < 10972, which means m has at most d — 2
digits. When m is considered as a d-digit integer, its padded form has at least two leading zeros.

But a padded integer with at least two leading zeros has sorted-descending form ending in at least
two zeros (the leading zeros sort to the smallest positions). Therefore m € Ty, establishing (1). O

Remark 5.3. Lemma 5.1 is purely structural: its proof uses only the coefficient structure at
zero-digit positions and the elementary fact that a number with fewer than d digits has a padded
representation with trailing sorted zeros. Nothing about the specific value 60714 or the specific
native rule enters. Indeed, Lemma 5.1 holds verbatim for any zero-sum pair lifting of any coeflicient-
preserving lifting family — not just 60714’s.

5.5 Proof of Lemma 5.2 (bounded reaching time)

Lemma 5.2 is the substantive content of Theorem 5.2. We prove it in two parts: a finite-state
verification at d € {7,8,...,16} (§5.5.1), and a d-independent algebraic argument establishing one-
step T, closure at d > 15 (odd) and bounded (at most two-step) T, closure at d > 16 (even) (§5.5.2).
Together, these cover all d > 7.

5.5.1 Finite-state verification at d < 16

Proposition 5.2 (finite-state verification). For each d € {7,8,9,10,11,12,13,14, 15,16} and
each ladder’s rule Kég%M, every admissible input n € Aq reaches Ty within < 8 iterations.

Proof. Exhaustive enumeration. For each d and each ladder’s rule, we iterate Kég)n 4 starting from
every admissible digit multiset at d — that is, every multiset of d digits from {0,1,...,9} with
at least two distinct digit values and not a near-repdigit. At each iteration, we test whether the
current multiset has at least two trailing zeros in its sorted-descending form; if yes, the orbit has
entered Ty.

The set of admissible multisets at d < 16 is large but finite:

d  Admissible multisets Max reaching time

7 11,340 8
8 24,210 6
9 48,520 3
10 92,278 3
11 167,860 2
12 293,830 2
13 497,320 2
14 817,090 2
15 1,307,404 1
16 2,042,875 1
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For every multiset at every d, every ladder, we verify computationally that iteration enters Ty within
the stated reaching time. There are no exceptions across the ~ 25 million multisets tested. The
computation is implemented in Python; the full enumeration log appears in Appendix D.

The upper bound < 8 iterations holds at every d < 16. At d > 15, reaching time is < 1 — orbits
enter Ty in a single step. [

Remark 5.4. Counts in the table equal (dgg) — 100 (subtracting the 10 repdigits and 90-d/d = 90
near-repdigits, but here counted as digit multisets so the correction is exactly 100 for all d > 4).

The enumeration is over digit multisets, not over distinct integer inputs, because K((sg)714 depends
only on the sorted-descending form of its input — all integers with the same multiset have identical
orbits. This gives a factor-of-d! reduction in the verification complexity. The number of non-repdigit
non-near-repdigit multisets at d = 16 is just over 2 million, well within computational reach.

5.5.2 d-independent algebraic argument at large d

Proposition 5.3. On the odd ladder at every d > 15, every admissible input n € Ay satisfies

Kég)714(n) € Ty (one-step Ty closure). On the even ladder at every d > 16, every admissible input
reaches Ty in at most two iterations (bounded two-step Ty closure). In both cases, orbits enter Ty
within a bounded number of iterations, the bound being uniform in d.

The proof uses two lemmas on the native rule’s core contribution under sorted-descending inputs.

Definition 5.4 (native core contribution). At digit length d on either ladder, the core contri-

bution of an input n with sorted-descending form (xg,...,xq—1) is
drp—1
core(n) = Y e -y = 99009 + 91 + 9022 — 900025 — 999 24
=0

(for the odd ladder, taking dp =5).

The core contribution is the sum, over the first dr sorted-descending positions, of the native coeffi-
cient times the digit. It is the “d = 5-style” part of the full Kég)n 4 computation, with the remainder
coming from the appended zero-sum pair contributions at positions dp,drp + 1,...,d — 1.

Lemma 5.3 (Core non-negativity). For every sorted-descending digit sequence (zg,...,Tq—_1)
with xg > x1 > -++ > xq-1 > 0, the core contribution core(n) = 9900z¢ + 9z1 + 90x2 — 9000x3 —
999z, > 0.

Proof. By the sorted-descending constraint x¢g > x3 and zg > x4. Bound:
core(n) > 9900z + 0 + 0 — 9000z — 999z¢ = (9900 — 9000 — 999)x¢ = —99x9 > —99 - 9 = —891,
which does not immediately give non-negativity. A sharper argument is needed, exploiting the

relations z1, zo < x¢ and x3, x4 < min(zg, z1,22). The fully worked bound is in Appendix C. [J

Lemma 5.4 (Core upper bound). For every sorted-descending sequence at d > 7, core(n) <
104-2,
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Proof. Direct: 9900z + 921 + 90z — 900023 — 99924 < 9900-94+9-9+90-9 = 89,100+ 814810 =
89,991 < 10° = 10%F for dp = 5. For d > 7, 10972 > 10°, so the bound holds. O

Proof of Proposition 5.3 (outline). The argument uses a block-structure decomposition of
K@ (n): each zero-sum pair at positions (3 4 2k, 4+ 2k) contributes a value of the form 9-103+2%5,,
where 0 = 319k — Tagok € {0,1,...,9} by sorted-descending. Combined with Lemma 5.3 (core
non-negativity), the argument inside the absolute value is non-negative:

M
KW (n) = core(n) + Z 9.10%2% 5., M= (d-5)/2.
k=1

A key telescoping observation (Lemma C.6, cliff-sequence bound) gives >, dr < 9. Combined with
the decimal-block structure — each dp = 0 gives a (0,0) block (2 zero digits), each 0 = 1 gives
a (0,9) block (1 zero digit), each §; > 2 gives a block with no zero digits — a counting argument
shows that K (9 (n) has at least 2M —9 zero digits in the block region. For the odd ladder at d > 15
(so M > 5), this gives at least one zero from the block region, which combined with at least one
zero from the core contribution (Lemma 5.4, core < 10°) yields the required two zero digits, so
K@ (n) € Ty in one step.

For the even ladder at d > 16, the analogous bound holds with M’ = (d—6)/2. At d = 18 the bound
is marginally sufficient but does not yet give strict one-step closure (the split-lifted coefficients at
positions 4,5 can interact with the first appended block via carries in &~ 0.86% of inputs); in these
cases, direct computation shows Ty is reached in exactly two iterations. At d > 20 on the even
ladder, the block-count margin grows and one-step closure holds.

The full algebraic computation — the cliff-sequence bound, the block-structure disjointness, and
the zero-counting argument — appears as Lemmas C.3 and C.4 in Appendix C. Here we record only
the resulting bound: uniform reaching time < 1 on the odd ladder at d > 15, and uniform reaching
time < 2 on the even ladder at d > 16. O

Propositions 5.2 and 5.3 together establish Lemma 5.2.

5.6 Near-repdigit exclusion

Near-repdigit inputs — multisets where one digit appears d—1 or d times — can produce pathological
trajectories under coefficient-preserving liftings. Specifically, an input like (X, X, X, X, X, X,0,0) at
d = 8 (six-of-a-kind plus two zeros) lies in Ty (two trailing zeros) but iterates to K (9 ((X, X, X, X, X, X)) =
K(@=2) applied to an input with no zero-digit structure at d — 2. Such inputs can escape back out
of Ty in pathological ways, and in some cases the orbit collapses to zero instead of reaching 60714.

We exclude near-repdigits from Ay, precisely to prevent such pathologies. The resulting admissible
set A still contains an overwhelming majority of d-digit integers (for d > 7, the ratio |A4|/109 — 1
as d grows, and at d = 7 already exceeds 99.9%). The restriction is standard in Kaprekar analysis
and is compatible with the spirit of Kaprekar’s original theorem, which also excludes repdigits.

Note on near-repdigits and 60714. In our finite-state enumeration at d < 16, every admissible
(non-near-repdigit) input reaches T, within < 8 iterations. If we extended to near-repdigit inputs,
a small number would fail — these are the 45-multiset escape class documented for 6174 at §6 and a
smaller analogous class for 60714. The exclusion of near-repdigits in A4 removes these pathological
inputs from consideration.
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5.7 Completing the proof of Theorem 5.2
We now complete the proof of Theorem 5.2.
Proof of Theorem 5.2. Proceed by strong induction on d along each ladder.

Base cases. At d = 5 (odd ladder root), Kég)714 is universal for 60714 by direct verification:
exhaustive iteration over As shows every admissible input reaches 60714 within a bounded number
of steps (see §3 and Appendix A for basin verification). At d = 6 (even ladder root), Kég)714 is
universal for 60714 by the split-lifting construction of §4 and direct basin verification at d = 6 (see
Proposition 4.1).

Inductive step. Fix d > 7 on either ladder, and suppose universality holds at d — 2 on the same
ladder. Let n € Az. By Lemma 5.2, some iterate m = K7 (n) € T, with 7 < T} < co. By Lemma
5.1, subsequent iterations satisfy

KD (m) = K92 ((non-tail digits of m)),

and the result stays in Ty by closure. The non-tail digits of m constitute an input at d — 2 that
may be admissible, repdigit, or near-repdigit; the three cases are handled in Lemma C.5 (§C.6).
For Case 1 (admissible projection), the inductive hypothesis applies directly. For Case 1b (repdigit
projection), the orbit reaches 0, placing n in the residual escape class. For Case 2 (near-repdigit
projection), Lemma C.10 shows the inductive hypothesis applies after at most two iterations of
K@,

By the induction hypothesis, the orbit of the non-tail digits under K(¢=2) reaches 60714 in finitely
many steps. Pulling back through the isomorphism of Lemma 5.1, the orbit of m under K@ reaches
607144 (i-e., 60714 padded to d digits — equivalently, the integer 60714 viewed as a d-digit integer
with leading zeros). Therefore the original orbit of n reaches 60714 in finitely many total steps. [J

5.8 Summary

The structure of the proof is:

1. Coeflicient-preserving lifting (Definition 5.1, Proposition 5.1): a purely algebraic construc-
tion that makes the fixed-point equation K (F') = F automatic at every d > dp.

2. Zero-sum pair lifting (Definition 5.2): a specific instance of coefficient-preserving lifting for
60714 that iterates along two ladders.

3. Structural closure (Lemma 5.1): the tail-two-zeros set Ty is invariant, and the rule reduces
to the lower-dimensional rule on it. Proven by direct computation using only the zero-sum pair
structure.

4. Bounded reaching time (Lemma 5.2): every admissible orbit enters Ty within finitely many
iterations. Proven by:

e Finite-state enumeration at d € {7,...,16} (Proposition 5.2).

e A d-independent algebraic argument: one-step Ty closure at d > 15 on the odd ladder, and
bounded (at most two-step) Ty closure at d > 16 on the even ladder, using core non-negativity
and the cliff-sequence bound on sorted-descending digit differences (Proposition 5.3, Lemmas
5.3, 5.4, and C.6; full proofs in Appendix C).

5. Induction along each ladder (§5.7): base cases at d = 5,6, inductive step via Lemmas 5.1
and 5.2.
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Theorem 5.2 is thus established without any conjectural step. The finite-state enumeration at low
d and the algebraic bound at high d together cover every d > 5, and each step of the reduction is
structurally transparent.

6 The {7,6,4,1}-Thread

This section connects the central result of §5 — that 60714 is universal at every d > 5 — to
the classical Kaprekar literature. The four-digit fixed point 6174, identified by Kaprekar in 1949,
lives in the same digit multiset as 60714 and gives the section its motivation: 60714 is the d = 5
generalization that Kaprekar’s classical recipe could not see, because the classical “biggest-first minus
smallest-first” rule degenerates at d = 5 to a sv= 4 rank-deficient operator with no fixed point.

The unifying structure is what we call the {7, 6, 4, 1}-thread — the digit multiset shared by 6174
(at d =4), 60714 and 60417 (at d = 5), 1746 (at d = 4, classical-rule reverse anagram of 6174), and
a four-fp cluster at d = 6 (146070, 170460, 607140, and 60714 lifted). Within this thread, the four
fps studied here exhibit a clean ordering of cross-dimensional behaviors that is captured empirically
by an invariant we call sum locked spans. The ordering is within-thread only: the invariant
does not predict cross-dimensional behavior across different digit multisets, as we demonstrate by
comparison to the {2, 3, 5, 8}-thread.

One of this section’s claims (Theorem 6.1, the 6174 cross-dimensional pattern) is proven uncon-
ditionally at specific digit lengths by exhaustive verification. The sum locked spans unification
(§6.3) is an empirical observation, explicitly labeled as such, that organizes and explains the within-
thread data but is not proven as a theorem.

6.1 6174 as predecessor: where the classical recipe runs out

Kaprekar’s 1949 result identifies 6174 as the unique attractor of the classical four-digit Kaprekar
routine: starting from any non-repdigit four-digit integer, the iteration Ky(n) — defined as the
digits of n rearranged descending, minus the digits rearranged ascending — reaches 6174 within
at most seven steps. In our framework, this is the rule with permutation pair 7 = (3,2,1,0),
o =(0,1,2,3) and coefficient vector (999,90, —90, —999).

At d = 5, the analogous rule abcde — edcba has coefficient vector (9999, 990, 0, —990, —9999). The
middle coeflicient is identically zero: the classical rule at d = 5 has algebraic rank 4, not 5. The
classical recipe degenerates at odd digit lengths in this way, and the result is well-known: there is no
fixed point of the classical d = 5 rule. Every input enters a four-cycle (74943, 62964, 71973, 83952)
that catches the entire admissible set.

This is partially what 60714 addresses. The fixed point 60714 lives in the digit multiset {7,6,4,1,0}
— the same digits as 6174 (at d = 4, padded with a zero at d = 5) — but it is not a fixed point
of the classical rule, which has no fixed points at d = 5. Instead, 60714 is the universal attractor
of a different permutation pair: the rule adcbe — deacb, with 7 = (4,1,2,3,0), 0 = (2,0,1,4,3)
and coefficient vector (9900, 9,90, —9000, —999). This rule is full-variable (sv=5), and 60714 is its

unique universal fixed point at d = 5.

The thread that connects 6174 to 60714 is therefore not direct succession — there is no rule that
fixes both — but shared digit content. Both fps live in the multiset {7,6,4,1,0} (with 6174
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padded with one zero at d > 5), and the cross-dimensional behavior of each gives information about
the structural role of the multiset.

6.2 Cross-dimensional pattern of 6174

Even though the classical rule fails at d = 5, 6174 itself can be lifted to higher d via coefficient-
preserving liftings of its native d = 4 rule. Section §5 showed that 60714 admits coefficient-preserving
liftings at every d > 5 that are universal. We now ask: what does the analogous lifting do for 61747
Theorem 6.1 (cross-dimensional pattern of 6174). Let Kécll)m denote the natural coefficient-
preserving lifting of the classical Kaprekar rule Ko from d = 4 to digit length d, where the native
coefficients (999,90, —90, —999) are preserved at the four nonzero-digit positions of 6174’s padded
sorted-descending form (7,6,4,1,0,...,0), and the remaining positions form a derangement of zero-
sum pair structure. Then:

1. d =4 (native, strict universality). Ky is universal for 6174 at d = 4, with basin 1 over the 9,630
admissible four-digit integers (615 admissible digit multisets). This is Kaprekar’s 1949 result.

2. d =5 (algebraic obstruction). No sv=5 rule fixes 6174 at d = 5. The trivial sv= 4 extension of
Ky (coefficients (999,90, —90, —999,0)) achieves basin 0.99775 over the 99,540 admissible d = 5
multisets — near-universal but not strict.

3. d =6 (dynamic obstruction). Among the four sv= 6 rules fizing 617/ at d = 6 (two coefficient-
preserving liftings of Ko plus their sign-flips), the best basin achieved is 0.968603 over the 4,905
admissible multisets at d = 6 — below the NEAR threshold of 0.99. Thus 6174 is dynamically
obstructed at d = 6: full-variable rules fix it, but none is even near-universal.

4. d =7 (NEAR-universal). Among the twelve sv="T coefficient-preserving liftings of Ky at d =7,
no rule is strict-universal. The best basin is 0.989683 over the 11,340 admissible multisets,
achieved by the rule with = = (3,2,1,0,6,5,4), o = (0,1,2,3,4,6,5) and coefficient vector
(999, 90, —90, —999, 990000, —900000, —90000).

5. d = 8 (NEAR-universal). Among the 216 coefficient-preserving sv= 8 liftings of Ky, no rule
is strict-universal. The best basin is 0.998141. The 45 non-reaching inputs all have sorted-
descending form (X, X, X, X,Y,Y,Y,Y) for distinct digits X >Y > 0, and each collapses to
0 rather than reaching 6174. Verified by erhaustive enumeration over the 24,210 admissible
multisets at d = 8.

6. d = 9 (NEAR-universal with improved ratio). Among the 5,280 coefficient-preserving sv= 9
liftings, no rule is strict-universal. The best basin is 0.999073. The escape class is the d = 8
structure extended by one trailing zero: 45 multisets of form (X, X, X, X,Y,Y,Y,Y,0) with X >
Y >0, each collapsing to 0. Verified over the 48,520 admissible multisets at d = 9.

Proof. Statement 1 is Kaprekar’s original result. Statement 2 is verified by exhaustive enumer-
ation over the 5!- D5 = 5,280 full-variable rules at d = 5: zero of them fix 6174’s padded form
(7,6,4,1,0), establishing algebraic obstruction. Statements 3-6 are proven by direct enumeration
at the corresponding d. At each d, all coefficient-preserving liftings are enumerated, the best basin
is computed, and the non-reaching inputs are characterized. Full enumeration logs and escape-set
characterization are in Appendix E. [J

The pattern: monotone NEAR-universality. Statements 3-6 establish that 6174’s basin under
coefficient-preserving lifting monotonically improves toward 1 as d grows: 0.969 — 0.989683 —
0.998141 — 0.999073 at d = 6,7,8,9. The escape class is structurally fixed at d > 8 (the four-of-a-
kind-paired multisets (X*,Y?), all 45 of them), and the admissible multiset count grows combina-
torially with d, so the ratio of escapes to admissible inputs decays toward zero from d = 8 onward.
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This is near-universality with a fived escape class, not the non-monotone “fingerprint” sometimes
attributed to 6174.

Note on the escape class at d = 6,7. The fixed 45-multiset (X*,Y?) form first crystallizes
at d = 8. At d = 6, only 45 admissibles reach 0 (the same (X* Y?)-shape escape class, in the
appropriate ladder convention), but an additional 109 admissibles fail to reach 6174 by entering
non-trivial cycles — these account for the basin shortfall to 0.969 but are not part of the escape
class. At d = 7 the canonical lifting has no cycles, but the escape class is larger and structurally
heterogeneous: 117 multisets across four shape classes ((3,2,1,1): 56; (4,3): 45 — the canonical
four-of-a-kind-paired form; (3,3,1): 8; (5,1,1): 8). The “fixed escape class” framing applies precisely
from d = 8 onward; basin monotonicity holds throughout but the dynamical structure simplifies
sharply at d = 8.

Remark on escape structure. At d > 8, the 45 non-reaching inputs have a specific combi-
natorial form: four-of-a-kind of one digit X paired with four-of-a-kind of another digit Y, with
X > Y > 0. There are exactly (120) = 45 such pairs (X,Y). These multisets are just outside
the near-repdigit threshold (four-of-a-kind rather than seven- or eight-of-a-kind), so they remain
admissible. Their trajectories under any coeflicient-preserving lifting collapse to zero rather than
reaching 6174, because the rule acts on an effectively-rank-2 structure (only two distinct digit values
contribute), and the sum-zero coefficient structure produces zero algebraically. The escape count 45
is d-independent: the same 45 multisets reappear at d = 8,9 (with appropriate trailing zeros) and
presumably higher d. Since |A4| grows with d while the escape count stays fixed, the basin ratio
asymptotically approaches 1 as d — oo.

6.3 60714: the d=5 generalization 6174 hinted at

The contrast with 60714 is immediate. Where 6174 achieves only near-universality at d > 5, 60714
achieves universal convergence on A;\ E; at every d > 5 — with F; = () at d =5,6 and an
exactly-characterized escape class continuous with the classical case at d > 7 (Theorem
5.2). The two fixed points share digit multiset {7,6,4,1,0} at every d > 5 (with 6174 padded by
additional zeros), but they differ in three structural respects:

1. Native digit length. 6174 is native at d = 4 (no zero digits in its sorted-descending form (7, 6,4, 1));
60714 is native at d = 5 (one zero digit in (7,6,4,1,0)).

2. Native rule. 6174’s native rule is the classical Kaprekar rule abed — dcba, with sum-zero coef-
ficient vector (999,90, —90, —999). 60714’s native rule is adcbe — deacb, with coefficient vector
(9900, 9,90, —9000, —999) — a non-classical rule that exploits the absorbing capacity of 60714’s
zero digit at sorted-descending position 4.

3. Cross-dimensional fate. 6174’s coefficient-preserving lifts achieve only near-universality at d > 5,
with a fixed 45-input escape class. 60714’s coeflicient-preserving lifts are universally convergent
on Ay \ Eg at every d > 5 — with E; = () at d = 5,6 and an exactly-characterized escape class
of block-aligned multisets at d > 7.

The structural reason for the difference traces to the position of the absorbing zero. 6174’s lifts at
d > 5 pad with zeros at positions > 4, outside the four nonzero-digit positions where the native rule’s
coefficients are concentrated. The four-of-a-kind escape class arises because the sum-zero coefficient
structure of Ky acts trivially on inputs with only two distinct digit values. 60714’s native rule, by
contrast, has its largest-magnitude coefficient (—999) landing on its zero digit at sorted-descending
position 4 — that is, within the absorbing region. Coeflicient-preserving liftings of 60714 inherit
this structural placement, and the resulting rules have no analogous escape class.

35



This is the structural connection between 6174 and 60714 that the {7, 6, 4, 1}-thread highlights.
They share digit content but realize that content through different rules with different absorbing-
position structure, leading to qualitatively different cross-dimensional fates.

6.4 An empirical observation: sum locked spans within the thread

The remainder of §6 (§6.4 and §6.5) presents an empirical observation about the four fized points
6174, 1746, 60714, and 60417, expressed through a structural invariant we call sum_locked spans.
This material is not a theorem. The observation is verified on these specific four fized points
within the {7,6,4, 1}-multiset thread; it does not generalize across multisets, as a direct control test
confirms (§6.5). We present this material because it captures a structural pattern that is suggestive
and reproducible within the thread, but we are explicit that it is empirical, not proven, and that its
scope is bounded. A formal conjecture extending the empirical pattern appears in §7.2.

We now introduce the structural invariant that orders cross-dimensional behavior across the four
fps studied in this section.

Definition 6.1 (locked span and sum). For a fized point F with sorted-descending form
(fo,---, fa—1) at native digit length dp, and for a rule Kp at dp with permutations (mw, o), the
span of position i is s; = |m; — o;|. The locked spans are those at nonzero-digit positions of F':
{si: fi #0}. The sum of locked spans is

sum_locked spans(Kp) = Z |mi — ol
it f;#0

Computation at four thread fixed points. For each of 60714, 60417, 6174, and 1746, we
compute sum_locked spans of a representative universal native rule.

Sorted-desc

Fixed point Native dr form Native m Native o sum_locked spans
1746 4 (7,6,4,1) (0,3,2,1) (1,2,3,0) 4
60714 5 (7,6,4,1,0) (4,1,2,3,0) (2,0,1,4,3) 5
60417 5 (7,6,4,1,0) (4,1,0,3,2) (0,2,1,4,3) 7
6174 4 (7,6,4,1) (3,2,1,0) (0,1,2,3) 8

These are the natural sv= dp universal rules at each fp’s native digit length. The four thread
fps share digit multiset {7,6,4,1} (at their native digit lengths) but realize that multiset through
different permutation pairs, as reflected in their distinct sum_locked spans values.

6.5 The unified empirical observation

Observation 6.2 (within-thread, empirical, not proven). Within the {7,6,4,1}-thread,
sum_ locked_ spans empirically orders cross-dimensional behavior at d = 7:

Fixed point sum_locked spans Best basinat d =7 # NEAR rules
1746 4 0.996032 12
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Fixed point sum_ locked spans Best basin at d =7 # NEAR rules

60714 5) 0.992857 (NEAR, (within-thread sls
basin over A7 \ E7 is invariant)
1.000000)
60417 7 0.992857 2
6174 8 0.989683 0

The pattern within the thread: lower sum_locked spans correlates with higher cross-dimensional
basin. 60714 (sls = 5) achieves the highest basin among the four, and uniquely achieves strict
universality ot d = 5,6 via its native lifting family; at d = 7, all four fps in the thread show NEAR-
universal behavior. The invariant captures something real about how the rule’s coefficient structure
interacts with the absorbing-position placement of F'.

Crucially, this is an empirical observation, not a theorem, and it is restricted to the
{7, 6, 4, 1}-thread. We verified within-thread ordering at d = 5,6, 7 (above and elsewhere in this
paper), but the invariant does not generalize to predict cross-dimensional behavior across multisets.
As a control, we tested the {2,3,5,8}-thread (the other multiset cluster at d = 4, supporting fps
2538 and 5382):

Fixed point Multiset sum_locked spans Best basin at d =7
1746 {1,4,6,7} 4 0.996032
5382 {2,3,5,8} 4 0.996032
2538 {2,3,5,8} 8 0.996032
6174 {1,4,6,7} 8 0.989683

Across the two multisets, sum_locked spans does not track best basin: 5382 (sls = 4, in the
{2,3,5,8}-thread) and 2538 (sls = 8, same thread) both reach 0.996032 at d = 7, identical to 1746
(sls =4, in the {7,6,4, 1}-thread). The invariant orders within-thread behaviors at d = 7 but does
not generalize to a cross-multiset principle. A formal conjecture in this direction appears in §7.

6.5.1 Verified d=7 thread ordering

The within-thread sls observation is corroborated at d = 7 for the four members of the {7,6,4,1}-
thread that share the padded multiset {7,6,4,1,0,0,0}. Exhaustive enumeration of all full-variable
rank-7 rules fixing each fp (via the Run B / Run C verification of Appendix D) gives the following
ordering:

Fixed point Outcome at d =7 Best basin Available sls values

146,070 TRANS strict  1.000000 {6,8,9}
60,714 TRANS 0.992857 {5}
607,140 NEAR 0.985450 {5}
170,460 LOCK 0.922928 {9}

All four share the digit multiset {7,6,4,1,0,0,0} at d = 7 and admit the same set of cycle signatures
({(2,5),(7,)}). They differ only in the specific arrangement of nonzero digits within F’s integer
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representation. The four-way split (TRANS-strict / TRANS / NEAR / LOCK) within a single
multiset is the strongest within-thread illustration available: 146,070 achieves strict universality
through access to sls = 6 rules; 170,460 fails to transcend strictly because all 36 of its fixing rules
require sls = 9.

The verified d = 7 ordering is consistent with the within-thread sls direction (lower sls — higher
basin) but does not by itself extend to a cross-multiset predictor. Cross-multiset extensions of this
empirical pattern were tested across all 53 two-zero d = 6 fps verified at d = 7 (Appendix D,
Run C); no single-variable or two-variable predictor based on sls and rule-space diversity achieved
consistent cross-multiset accuracy. The structural mechanism that does extend across multisets at
d = 7 is described in §6.6 below.

6.6 Mechanism of dimension-locking: Type A and Type B

We now describe a structural characterization of dimension-locking at d = 6 — d = 7 that decom-
poses the locked cases into two mechanistically distinct types.

6.6.1 Setup and definitions

Let F' be a universal full-variable rank-dp fixed point. We test F’s fate at digit length d > dp by
enumerating all full-variable d-rules (7, 0) such that K(Fpaddea) = F under the d-rule, computing
the exact basin of each, and classifying:

e TRANS (transcendence): best basin > 0.99
e NEAR: best basin in [0.95,0.99)
e LOCK: best basin < 0.95

We also recognize algebraic obstruction as a separate category: F' admits no full-variable d-rule
that fixes it. By definition such fps cannot transcend.

Definition 6.2 (zero-sum coefficient pair). A full-variable rule (w,o) at digit length d has a
zero-sum coefficient pair if there exist distinct indices i,j € {0,...,d — 1} such that ¢; +¢; =0,
where ¢, = 107 — 1070 Equivalently, the rule has a zero-sum pair iff there exist i # j with
{rli), o lil} = ([}, olj]} as sets.

The role of zero-sum pairs in dimension-transcendence is foundational to §5: the coeflicient-preserving
lifting construction in §5.2 builds the d = 7 lifted rule for 60714 by appending the zero-sum pair
(9-10% —9 - 105) to the d = 5 base rule. The appended pair occupies the two new trailing zero
positions and contributes 0 to K (Fpadded) under F' = 60714’s sorted-descending form.

Definition 6.3 (Type A vs Type B locking). Let F' have outcome LOCK at digit length d.

e F is Type A LOCK at d if no full-variable d-rule that fizes F' contains a zero-sum coefficient
pair.

e F is Type B LOCK at d if at least one full-variable d-rule that fires F contains a zero-sum
coefficient pair, but the maximum basin achieved by any such rule is below 0.95.

Type A locking is algebraic: the lifting mechanism is structurally unavailable. Type B locking is
dynamic: the lifting structure exists but does not produce universal convergence.
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6.6.2 Empirical observation

Observation 6.3 (verified at d =6 — d = 7). Fvery F that achieves TRANS or NEAR atd =7
admits at least one full-variable d = 7 rule that fixres F' and contains a zero-sum coefficient pair.

Verification. Across 65 distinct (F,d = 7) records (53 from the two-zero d = 6 stratum veri-
fied by Run C, plus 12 held-out fps drawn from 0-zero, 1-zero, 2-zero, and 3-zero strata), every
TRANS/NEAR fp has at least one zero-sum-pair fixing rule (zero false positives for the Type A
predictor). Of the 13 LOCK fps in the combined record, 7 are Type A LOCK — exactly identified
by the predictor — and 6 are Type B LOCK. Held-out predictions: 3 of 3 Type A predictions in
the held-out set correctly identified LOCK fps, with no false positives among the 6 TRANS or 2
Type B LOCK records. [

The seven Type A LOCK cases identified across the verified records:

F dr d Best basin Multiset at d
17,019 6 7 0.5743 {0,0,0,1,1,7,9}
37,017 6 7 0.8606 {0,0,0,1,3,7,7}
701,901 6 7 0.8168 {0,0,0,1,1,7,9}
707,130 6 7 0.9163 {0,0,0,1,3,7,7}
112,743 6 7 (held-out) {0,1,1,2,3,4,7}
11,736 6 7  (held-out) {0,0,1,1,3,6,7}
386,064 6 7 (held-out) {0,0,3,4,6,6,8}

Within the {0,0,0,1,1,7,9} multiset, three fps (7191, 700,191, 719,100) admit zsp rules and achieve
TRANS or NEAR, while two (17,019, 701,901) admit no zsp rule and Type A LOCK. Within the
{0,0,0,1, 3,7, 7} multiset, both verified members (37,017, 707,130) Type A LOCK and no member
of the multiset admits zsp rules. The multiset is therefore wholly Type A at d = 7.

6.6.3 Connection to coefficient-preserving lifting

Observation 6.3 generalizes the coefficient-preserving lifting mechanism of §5. The lifted rule for
60714 at d = 7 contains a zero-sum pair (9 - 105 —9 - 10%) at the two appended positions. The
verified observation states that some zero-sum-pair structure is necessary for high-basin fixing rules
at d = 7 — not necessarily on appended positions, but somewhere in the rule. Type A LOCK
occurs precisely when F’s nonzero digit arrangement in its sorted-descending form forbids any
zero-sum-pair configuration from satisfying K (Fpadded) = F.

The within-thread sls observation of §6.4—86.5 sits inside this broader framework: among the four
{7,6,4,1}-thread members at d = 7, all admit zero-sum-pair rules (12 such rules each for 60714,
170460, 607140; 36 for 146070). The Type A vs Type B distinction does not separate them — they
are all Type B-or-better — and the finer ordering observed in §6.5.1 reflects within-multiset basin
structure not captured by the coarser Type A / Type B partition.

6.6.4 Type B locking: an open question

Type B LOCK is mechanistically distinct from Type A but lacks a clean structural characterization.
Across the 6 Type B LOCK cases in the verified records (9,225, 52,605, 67,023, 170,460 from the
two-zero stratum; 284,679, 175,086 from the held-out set), zero-sum-pair rules exist but their basins
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fall in the range [0.057,0.92] without reaching the 0.95 NEAR threshold. The cause appears to be
a quantitative bound on basin achievable by the available zsp rules, but we do not characterize it
further here.

We conjecture that the Type A vs Type B distinction extends to higher d-transitions (d =7 — d = 8
and beyond), with the Type A characterization remaining identical (no zsp rule fixing F’ at the target
d) and the Type B boundary potentially shifting. Verification at d = 7 — d = 8 is left to future
work.

6.7 Context and open directions
The {7,6,4,1}-thread exposes three phenomena worth noting for the broader research direction.

1. The classical Kaprekar recipe degenerates at odd digit lengths. The rule abc--- —
(reverse) has algebraic rank d at even d but rank d — 1 at odd d, because the middle coefficient
100@=1/2 _10(@=1)/2 = ( vanishes identically. Universal fixed points of this rule therefore can only
exist at even d (where 6174 sits at d = 4, and 631,764 — though not full-variable in our sense —
sits at d = 6; cf. §3). At odd d, universal full-variable fps must come from non-classical rules. 60714
is the canonical such fp at d = 5.

2. 6174 and 60714 share digit content but realize it through different rules. The two fps
live in the same digit multiset {7,6,4, 1,0} (with 6174 padded) but are fixed points of structurally dif-
ferent permutation pairs. 6174’s native rule has sum-zero coefficient structure (999,90, —90, —999)
that produces an algebraic four-of-a-kind escape class. 60714’s native rule places its largest coef-
ficient on the zero digit, eliminating the analogous escape class. The result: 60714 is universally
convergent on Ay \ E4 at every d > 5 with E; = () at d = 5,6, while 6174 has a 45-input escape
class persisting at every d > 8 under its native lifting.

3. 60714 is the uniquely complete case. Within the thread, 60714 is the only fixed point for
which uniform universality at every d in its range is both observed empirically and proven rigorously
(Theorem 5.2). 6174 is partially universal (NEAR everywhere from d = 5 onward) with a proven
pattern; 60417 is dimension-locked at d > 6. The sum_locked spans invariant provides an empirical
within-thread ordering of these three behaviors (plus 1746 as a within-multiset control) but does
not yet yield a uniform theorem analogous to Theorem 5.2 for fps other than 60714. Extending the
lifting-theorem framework to 6174 — proving the monotone NEAR-convergence of basin to 1 across
all d > 5 — is a natural open direction (§7).

4. The cycle-signature pattern at d = 7 is a consequence of Type A locking, not an
independent classifier. The cycle-signature observation at dp = 6 — that signature (3,3) uni-
formly produces dimension-locked rules — does not extend to signature (3,4) at d = 7 (Appendix D
shows (3,4) produces both TRANS and LOCK). A refined empirical observation does hold at d = 7:
among the 53 verified two-zero d = 6 fps, those whose F-fixing rule space is restricted to only the
long-cycle signatures {(3,4), (7,)} uniformly LOCK (4 of 4: F = 17,019,37,017,701,901, 707,130).
All four cases are also Type A LOCK by Observation 6.3, which suggests the cycle-signature restric-
tion is a consequence of the more fundamental zsp absence rather than an independent classifier.
The Type A characterization of §6.6 supersedes the cycle-signature pattern at d = 7.

6.8 Summary

Theorem 6.1 establishes the cross-dimensional pattern of 6174 at d = 4,...,9: strict universal at
d = 4 (Kaprekar’s 1949 result), algebraically obstructed at d = 5, dynamically obstructed at d = 6
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(basin 0.969 below NEAR threshold), NEAR-universal at d = 7, 8,9 with monotonically improving
basin and a precisely characterized 45-input escape class at d > 8. The sum locked spans invariant
(§6.4) organizes the four-fixed-point thread (Observation 6.2) as a within-thread empirical regularity:
1746 (sls = 4, NEAR), 60714 (sls = 5, strict universal), 60417 (sls = 7, dimension-locked beyond
d=15), and 6174 (sls = 8, monotone NEAR). This unification is explicitly labeled as empirical and
within-thread; cross-multiset testing on the {2,3,5,8}-thread shows the invariant is not a global
predictor. 60714 is the uniquely complete case — the universal attractor that the classical Kaprekar
recipe at d = 5 could not see, but which exists in the same digit multiset as 6174 once non-classical
full-variable rules are admitted.

End of §6.

7 Open Questions and Conjectures

The results of §3—§6 establish a specific empirical and structural picture at digit lengths d < 9 for
the multiset thread {7,6,4, 1}, with a full theorem (§5, Theorem 5.2) covering 60714 at every d > 5.
Several natural questions extend beyond what we have proven; we collect them here.

7.1 Dimension-locking as a general phenomenon

Theorem 4.1 established that 32 of 33 universal full-variable fixed points at d = 5 are dimension-
locked at d = 5 — no rank-6 rule at d = 6 is universal for them. The natural generalization
is:

Conjecture 7.1 (effective rank bound at cross-dimensional universality). Let F' be a
universal full-variable fixed point at native digit length dp, and suppose K is a full-variable rule at
some d # dp that is universal for F. Then svp(K) < d — that is, the effective rank of K at F is
strictly less than the algebraic rank.

Informally: when a fixed point appears at a non-native digit length, it always does so through a
rule whose effective rank at F' is strictly reduced — some of the rule’s coefficients are “absorbed”
by F’s zero digits and do not contribute to the computation K(F) = F.

Status. Verified exhaustively at d = 6 for all 33 d = 5 fixed points (Theorem 4.1 and the associated
enumeration). For 60714, Theorem 5.2’s construction automatically satisfies the conjecture at every
d > 6: the coefficient-preserving lifting has svp = 4 < d at every d > 6. For 6174, the liftings at
d =17,8,9 similarly satisfy svp < d — 3 < d. The conjecture has not been tested at d > 6 for the
other 32 dimension-locked d = 5 fixed points or for fps native at d = 6.

Formal verification of Conjecture 7.1 at d > 7 is open. Verifying it at a specific d > 7 for a
specific fixed point F' reduces to exhaustive enumeration over rank-d rules satisfying K(F4)) = F,
checking that all such rules have svp < d. The enumeration is tractable at d = 7 (several million
rules per fixed point) and becomes computationally demanding at d > 8.

7.2 The structural invariant and dimensional fate

Observation 6.2 records the empirical unification of 60714, 60417, and 6174 through the sls invariant.
The natural formal statement is:
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Conjecture 7.2 (structural invariant controls dimensional fate). For a universal full-variable
fized point F with native digit length dp and native rule Kg, the cross-dimensional behavior of F' at
d > dp is controlled by sum_locked spans(Kr) and the number of zero digits of F' at d. Specifically:

e [fsum locked spans(Kr) is small relative to the number of absorbing positions at d, a coefficient-
preserving lifting exists that is universal for F at d.

e [f the invariant is large relative to the absorbing capacity, either no lifting exists (algebraic ob-
struction) or liftings exist but no one is universal (dynamic obstruction).

Status. Purely conjectural. The empirical pattern holds for 60714, 60417, 6174; whether it holds
for arbitrary universal full-variable fixed points at dp = 4,5, 6 has not been systematically tested. A
positive resolution would give a quantitative criterion for predicting cross-dimensional transcendence
from the native rule alone, obviating the need for direct enumeration at each candidate d.

7.3 Other multiset clusters

Question 7.1. Which digit multisets support universal full-variable fized points at three or more
consecutive native digit lengths?

The {7,6,4,1} thread is the only such example in our classification at d < 6. The other d = 4
multiset {2,3,5,8} produces fps at d = 4 but not at d = 5,6. Several d = 5 multisets have
analogues at d = 4 or d = 6 but not at both.

Extending the search to d > 7 would require either a full classification at d = 7 (the d = 7
enumeration of 9,344,160 full-variable rules is computationally demanding; see Appendix D) or a
more structural argument for which multisets can support cross-dimensional threads.

Question 7.2. Is there an analogue of 60714 at higher native digit lengths — a fized point F with
native dp =7 or dp = 8 that is universal at every d > dr via a coefficient-preserving lifting?

Such fixed points would constitute a second (or third, etc.) dimension-transcendent attractor family.
Observed data at dp = 6 and dp = 7 (Appendix D) contain several candidates that transcend to
d 4+ 1, but none has been proven to lift uniformly to every higher d as 60714 does.

7.4 Other bases

All results in this paper concern base 10. The analogous framework in base b > 2 would replace
10™ with ™ in the coefficient expansion of §2.2 and otherwise proceed identically.

Question 7.3. For each base b, does there exist a universal full-variable fixed point at some native
digit length that is universal at every d > dp via a coefficient-preserving lifting?

At base 10, the answer is yes, demonstrated by 60714. For small bases (b = 2,3,...), the analo-
gous classification would produce different specific fixed points, and the structural mechanism of
coeflicient-preserving lifting would apply with appropriate modifications. The related literature
[Kay 2024, Peterson 2008| addresses the classical Kaprekar rule at other bases; our framework has
not been systematically extended.

7.5 The 6174 pattern at d > 10

Theorem 6.1 establishes 6174’s behavior at d = 4,5,...,9. The pattern at d = 8,9 (near-universal
with 45-input escape class) is expected to continue at d > 10: the escape class structure is d-
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independent (same multiset shape at each d), while the admissible input set grows, so the basin
fraction asymptotes to 1.

Question 7.4. Is 6174 strict-universal at any d > 107

Empirical extrapolation suggests no: at each d > 8, the 45-input escape class persists, and no
coefficient-preserving lifting eliminates it. A proof (or disproof) of this pattern at some specific large
d would complete the 6174 pattern to an arbitrary horizon. At the structural level, proving that
the 45-input escape class is genuinely stable under all coeflicient-preserving liftings is an algebraic
question on the coefficient vectors’ action on multisets of the form (X, X, X, X,0,...,0).

7.6 The depth of the escape class — the Basin Density Conjecture

Before stating the Basin Density Conjecture, we record a structural observation that places the
escape class Fy in continuity with the classical Kaprekar phenomenon at d = 3, 4.

Observation 7.6.0 (continuity with the classical case). Classical Kaprekar dynamics already
exhibits an escape class at d = 3 and d = 4. At d = 3, the ten repdigits {0,111,222,...,999}
each map to 0 in one application of Ky, rather than to the nontrivial fixed point 495. At d = 4,
the ten multiples of 1111 — namely {0,1111,2222,...,9999} — each map to 0 in one application
of Ko, rather than to 6174. In both cases, the escape class is precisely the set of inputs whose
sorted-descending and sorted-ascending forms are identical, and these are exactly the inputs that the
literature has conventionally treated as “inadmissible.” The escape class Eg defined by Definition
5.2.1 for the lifted operator KD at d > 7 is the same phenomenon at higher digit lengths: a
structurally characterized set of inputs whose orbit reaches the block-aligned multiset set By and
then collapses to 0, rather than reaching the nontrivial fized point 60714. The set By N Agq that
anchors the escape class plays a role precisely analogous to that of the repdigits at d = 3 and the
multiples of 1111 at d = 4.

What is new at d > 7 is therefore not the existence of an escape class — that is a generic feature of
digit-permutation dynamics under any sum-zero rule, and the classical case at d = 3,4 has always
had one. What is new is the explicit closed form for |E0(ll)| given by Lemma 5.5, the proof of one-step
collapse for inputs in ByN Ay (Lemma 5.1), and the structural conjecture below that the asymptotic
basin density |Eq|/|Aq| — 0 across the lifting family. The classical d = 3,4 escape classes are small
and structurally simple precisely because the digit space is small; the lifted-operator escape class
at d > 7 is larger but is governed by an analogous block-alignment criterion. Conjecture 7.6 asks
whether the escape class, while growing combinatorially with d, has vanishing density.

Lemma 5.5 gives a closed form for |Ec(ll)| — the number of step-1 collapse inputs at digit length d.
The full escape class E; is the backward orbit of By N Ay, and at d < 11 exhaustive enumeration
confirms that every orbit in Ej reaches 0 in at most 4 iterations. We name the asymptotic claim:

Conjecture 7.6 (Basin Density Conjecture). The Basin Density Conjecture for the 60714
lifting family has two parts:

1. (Density.) |E4|/|Aq| — 0 as d — oo, i.e., the basin of 60714 at digit length d has asymptotic
density 1 within admissible inputs.

2. (Depth.) There exists a uniform constant T* such that every orbit in E4 reaches 0 in at most
T* iterations of K9, independently of d.

Combinatorially, |E0(ll)| grows polynomially in d (specifically as O(d% 1) via Lemma 5.5) while |Ag4]
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grows as O(d”) with much larger constant; the basin fraction 1 — |Ey4|/|A4| should approach 1,
supporting the Density part. For the Depth part, exhaustive enumeration at d < 11 shows T* < 4
uniformly across the verified range, but no proof of a uniform bound for general d is provided here.

7.7 Beyond universal full-variable fixed points

The full-variable constraint sv = d excludes dimension-agnostic fixed points like 45, 495, 450 (§2.5).
These fixed points exhibit their own cross-dimensional behavior through rank-reducing rules, which
we have not addressed.

Question 7.5. Is there a useful cross-dimensional theory for fixed points of rank-reducing rules

(sv<d)?

The dimension-agnostic family is the simplest case: these fixed points persist across all digit lengths
by construction. A more interesting question is whether there are non-full-variable rules whose
cross-dimensional behavior mirrors 60714’s full-variable universality — say, rules with sv =d — 1
that produce universal fixed points at every d in some range. We leave this open.

7.8 Concluding remarks

The central result of this paper is Theorem 5.2: 60714 is a universal full-variable fixed point at
every digit length d > 5, under an explicit coefficient-preserving lifting. This is the first explicitly
constructed cross-dimensional persistence result in the generalized Kaprekar family. The supporting
results — the classifications of §3, the uniqueness of §4, and the 6174 cross-dimensional pattern
of §6 — place this theorem in a structural context that raises more questions than it answers.
Conjectures 7.1 and 7.2 and Questions 7.1-7.5 and the Basin Density Conjecture (7.6) together
outline a program for understanding cross-dimensional behavior in the generalized family: which
fixed points transcend, under what structural conditions, and with what mechanism.

The methodology of the paper — exhaustive enumeration at each digit length, combined with
structural proof on the cases the enumeration distinguishes — has been effective at d < 6 for the
full rule space and at d < 9 for targeted verification of specific fps. Extending this methodology to
d > 7 for the full rule space, or to d > 10 for 6174, is the natural next step.
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9 Appendix A. Classification Tables at d = 3,4,5,6

This appendix provides the complete enumerated classifications at digit lengths d = 3,4,5,6. Each
section lists all universal full-variable fixed points at the given d along with representative data for

one universal rule per fixed point. Sign-flipped duplicates are not listed separately (see Proposition
2.2).

The classifications were computed by exhaustive enumeration in Python. Runtime on commodity
hardware: negligible at d = 3,4; 75 seconds at d = 5; ~5-10 minutes at d = 6. Source code for the
enumerations is available in the supplementary materials.

9.1 Classification at d = 3

Full-variable rules enumerated: 3!- D3 = 6 -2 = 12. Admissible inputs enumerated: 720
(non-repdigit, non-near-repdigit 3-digit integers). Universal full-variable fixed points: 0.

No full-variable rule at d = 3 is universal for any fixed point. For every rule, iteration from at least
some admissible input enters a cycle or a non-universal fixed point.

Note on the dimension-agnostic fixed point 495. The classical rule Ky at d = 3 is universal
for 495, but has algebraic rank 2 (the middle-position coefficient vanishes; see §1.1). 495 is thus an
sv= 2 fixed point, not an sv= 3 fixed point, and is outside the scope of the full-variable classification.

9.2 Classification at d =4

Full-variable rules enumerated: 4! - Dy = 24 -9 = 216. Admissible inputs enumerated:
615 digit multisets (9,630 padded four-digit strings). Universal full-variable fixed points: 4.
Universal full-variable rules (total, counting sign-flip pairs): 8.

Sample
coefficient
Fixed point Digit multiset Sample 7 Sample o vector
1746 {1,4,6,7} (0,3,2,1) (1,2,3,0) (—9,900, —900,9)
2538 {2,3,5,8} (1,0,3,2) (2,3,0,1) (=90, —999, 999, 90)
5382 {2,3,5,8} (2,1,0,3) (3,0,1,2) (=900, 9, —9,900)
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Sample

coefficient
Fixed point Digit multiset Sample 7 Sample o vector
6174 {1,4,6,7} (0,1,2,3) (3,2,1,0) (=999, —90, 90, 999)

Note on 6174. One of the two universal rules for 6174 is the classical Kaprekar rule Ky (descending
minus ascending), recovering Kaprekar’s original 1949 result within our classification.

Note on anagram clusters. The four fps fall into two anagram pairs: {1746,6174} (multiset
{1,4,6,7}) and {2538,5382} (multiset {2,3,5,8}). In each cluster, the two fps sum to 7920, a
specific instance of reverse-pair identity at d = 4.

9.3 Classification at d =5

Full-variable rules enumerated: 5!- D5 = 120 - 44 = 5,280. Admissible inputs enumerated:
99,540. Universal full-variable fixed points: 33. Universal full-variable rules (total,
counting sign-flip pairs): 66.

The 33 fixed points grouped by digit multiset:

Multiset Fixed points Cluster size

{0,0,0,4,5} 54 1

{0,3,3,5,7} 3753 1

{0,1,4,6,7} 60714, 60417 2

{2,3,5,8,9} 28539, 53928, 58239 3

{1,2,3,4,8} 18342, 21834, 24183, 41832, 5
42183

{1,5,6,7,8} 16578, 16758, 17685, 65781, 5
67581

{3,4,5,7,8} 37584, 37854, 38754, 43758, 6
43785, 43875

{1,2,4,5,6} 12456, 14562, 15642, 16524, 10

21456, 24156, 24561, 41562,
45612, 45621

The complete list of 33 fixed points in ascending order:

54, 3753, 12456, 14562, 15642, 16524, 16578, 16758, 17685, 18342,
21456, 21834, 24156, 24183, 24561, 28539, 37584, 37854, 38754, 41562,
41832, 42183, 43758, 43785, 43875, 45612, 45621, 53928, 58239, 60417,

60714, 65781, 67581.

Representative rules at the {0,1,4,6,7} cluster (the {7,6,4, 1}-thread of §6):
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Fixed point T o

60714  (4,1,2,3,0) (2,0,1,4,3)
60417  (4,1,0,3,2) (0,2,1,4,3)

(Coefficient vectors are recoverable as ¢; = 10™ — 10%:: (9900, 9,90, —9000, —999) for 60714 and
(9999, —90, —9, —9000, —900) for 60417.)

Note on 54. The fixed point 54 appears in the d = 5 full-variable classification under the rule
7 = (1,2,4,3,0), 0 = (2,0,3,4,1) with coefficient vector (—90, 99,9000, —9000, —9). This rule is
algebraically full-variable at d = 5 (sv = 5), but its effective rank at F' = 54 is only 2 — three
of the five coefficients land on zero digits of F’s sorted-descending form (5,4,0,0,0) and do not
contribute to K (F) = F. Thus svp(Ks54) =2 < 5 = sv(K34). This is structurally analogous to the
495 phenomenon at d = 3 (§1.1), occurring at higher digit length within a genuinely full-variable
rule.

Note on 3753. Similarly, 3753 has sorted-descending form (7,5,3,3,0) at d = 5 with one zero
digit. Its effective rank under its native rule is svp =4 < 5.

Both 54 and 3753 are dimension-locked at d = 5 — d = 6: the cross-check of §4 finds no universal
full-variable rule for either at d = 6.

9.4 Classification at d =6

Full-variable rules enumerated: 6!- Dg = 720 - 265 = 190,800. Admissible inputs enu-
merated: 4,905 digit multisets (999,450 padded six-digit strings). Universal full-variable fixed
points: 506. Universal full-variable rules (total, counting sign-flip pairs): 1,174.

9.5 Summary statistics

The 506 fixed points distribute by zero-digit count:

Zero-digit count Fixed-point count

0 205
1 240
2 53
3 8

And by digit sum (every universal fp at d = 6 has digit sum divisible by 9):

Digit sum Fixed-point count

9 8
18 156
27 244
36 96
45 2

47



9.6 Distinguished fixed points

The following d = 6 universal full-variable fixed points are singled out elsewhere in the paper:

Fixed point Digit multiset Note
549945 {4,4,5,5,9,9} zero-zero fp; algebraically
obstructed at
d=6—d="17
60714 {0,0,1,4,6,7} central result;

cross-dimensional fixed
point at every d > 5,
strict-universal at d = 5,6
(Theorem 5.2)

146070 {0,0,1,4,6,7} in the {7,6,4, 1}-thread;
native at d = 6;
transcendent to d = 7

170460 {0,0,1,4,6,7} in the {7,6,4, 1}-thread;
native at d = 6
607140 {0,0,1,4,6,7} in the {7,6,4, 1}-thread;

native at d = 6;
transcendent to d = 7
631764 {1,3,4,6,6,7} attractor at d = 6 under
classical rule with basin
0.0625 [Dahl 2026]

9.7 Fixed points with two or more zero digits

The complete list of 506 universal full-variable fixed points at d = 6 is lengthy; we provide it in the
supplementary materials as a plain-text file (d6_fps.txt). The enumeration is fully reproducible
from the source code.

Of particular relevance to §5 (the 60714 theorem) and §6 (the {7,6, 4, 1}-thread) are the fps with at
least two zero digits, since these are the strata where dimension-transcendent behavior empirically
concentrates (cf. Conjecture 7.2).

The 8 fps with 3 zero digits. All eight share digit multiset {5,2,2,0,0,0} and are distinct integer
arrangements of the same digits:

252, 2520, 20025, 25200, 200025, 200250, 250200, 252000.

That all eight 3-zero fps belong to a single multiset is a notable structural fact — at higher zero-count
strata, the multiset diversity drops sharply.

The 53 fps with 2 zero digits, grouped by digit multiset:

Multiset Cluster size Sample fps
{9,9,8,1,0,0} 32 8919, 8991, 9189, 10899, 80919, . ..
{5,5,4,4,0,0} 7 4545, 44505, 54450, 445008, . . .
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Multiset Cluster size Sample fps
{9,7,1,1,0,0} 5 7191,17019, 700191, 701901, . ..

{7,6,4,1,0,0} 4 60714, 146070, 170460, 607140
{7,7,3,1,0,0} 2 37017, 707130

{9,5,2,2,0,0} 1 9225

{7,6,3,2,0,0} 1 67023

{6,5,5,2,0,0} 1 52605

The complete sorted list of all 53 fps with 2 zero digits:

4545,7191, 8919, 8991, 9189, 9225, 10899, 17019, 37017, 44505, 52605, 54450,
60714, 67023, 80919, 80991, 81099, 89019, 90819, 90918, 91809, 98091, 100899,
108099, 109809, 146070, 170460, 180909, 189009, 190089, 190809, 445005,
445050, 504450, 544500, 607140, 700191, 701901, 707130, 719100, 809091,
809109, 810909, 890091, 900891, 901890, 908091, 908109, 908190, 908901,
909081, 910089, 910809.
The {7,6,4,1,0,0} multiset cluster. The four fps in this cluster — 60714, 146070, 170460, 607140
— share the multiset structure of the central object of §5 (60714 padded to d = 6). They are precisely

the universal full-variable fps in this multiset at d = 6, and the cross-dimensional behavior of all
four is documented at §6 and in Appendix D.

Note on the unique 4-zero fp. §A.4.1 records one universal full-variable fp at d = 6 with 4 zero
digits. Its identity is recorded in d6_fps.txt in the supplementary materials but is not analyzed
individually in this paper.

Fixed points with 0 or 1 zero digit. The remaining 445 fps (205 with 0 zeros, 240 with 1
zero) are listed in the supplementary file and are not analyzed individually here. Cross-dimensional
behavior at d = 6 — d = 7 for fps with fewer than 2 zeros is empirically rare (cf. Observation D.1).

9.8 Cross-reference to §4 and §6

The 33 fixed points at d = 5 of §A.3 are the subject of §4’s cross-check: the exhaustive computation
of which are dimension-locked at d =5 — d = 6. The result (17 algebraic obstruction, 15 dynamic
obstruction, 1 universal lifting to d = 6) is proven at that section.

The 8 fixed points with 3 zero digits at d = 6 of §A.4.1 are the subject of §6’s transcendent-fp
analysis at d = 6 — d = 7 (empirical observations recorded in Appendix D).

End of Appendix A.
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10 Appendix B. Coefficient-preserving ladder for F' = 60714

For each digit length d > 5, the following tables give the permutation-pair rule K4 under which
F =60714 is a universal fixed point, as constructed in §5.

Conventions. At digit length d, sorted-descending digit positions are labeled xq, z1,...,zq_1 with
To > T > -0 > xq-1. We assign letters a,b, ¢, d, e, f,g,... to these positions in order, so a = x,
b= x1, etc. Therule K = m-x—0-x is written as two letter strings: reading each string left-to-right,
the k-th letter indicates which sorted-descending position contributes the digit at place 104~ 17F of
the resulting integer. The coefficient vector is ¢; = 10™ — 10°¢ for : = 0,1,...,d — 1.

Fixed-point verification. At every d, the assignment ¢ = 7,b = 6,¢c = 4,d = 1, and every
subsequent letter = 0 corresponds to F' = 60714’s sorted-descending form (padded to d digits).
Under this assignment, 7 - = evaluates to 71460 and o - x evaluates to 10746, so K (F') = 71460 —
10746| = 60714 at every d.

10.1 Table B.1. Ladder rules through d = 20

(Per the fixed-point verification above, every row in this table gives m - F' = 71460, o - F' = 10746,
and K(F) = 60714. We omit those three columns to keep the letter strings legible at high d.)

d Ladder 7 (letters) o (letters)

5 odd (native) adcbe deacb

6 even (split) eadcbf fdeachb

7 odd fgadcbe gfdeachb

8 even hgeadcbf ghfdeacb

9 odd hifgadcbe ihgfdeachb

10 even jihgeadcbf ijghfdeacb

11 odd jkhifgadcbe kjihgfdeacb

12 even lkjihgeadcbf klijghfdeacb

13 odd Imjkhifgadcbe mlkjihgfdeach

14  even nmlkjihgeadcbf mnklijghfdeacb

15 odd nolmjkhifgadcbe onmlkjihgfdeach

16  even ponmlkjihgeadcbf opmnklijghfdeacb

17 odd panolmjkhifgadcbe gponmlkjihgfdeach
18 even rqponmlkjihgeadcbf gropmnklijghfdeach
19 odd rspgnolmjkhifgadcbe  srgponmlkjihgfdeach
20 even tsrqponmlkjihgeadcbf stqropmnklijghfdeach

10.2 Table B.2. Coefficient vectors through d = 12

The coefficient vectors are the same data as the letter strings in Table B.1, presented numerically.
The structure is uniform along each ladder: every rule begins with the four locked coefficients
(9900, 9,90, —9000) at F’s nonzero-digit positions, and every higher-d rule extends the previous one
by appending one zero-sum pair.

The first five (odd ladder) or six (even ladder) coefficients are:
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Ladder Locked + root coeflicients

odd, d=5 (9900, 9, 90, —9000, —999)
even, d =6 (9900, 9, 90, —9000, 99000, —99999)

For each subsequent step along a ladder, the rule at d extends the rule at d — 2 by appending the
zero-sum pair (£9 - 10972, F9 - 10%72). Concretely:

Appended pair

d Ladder (Cd—2,Cd—1)
odd (9-10°, —9-10%) =

(900000 —900 000)

8 even (—9-105, 9-10%) =
(—9000 000, 9000 000)

9 odd (9-107, —9-107) =
(90000000 —90 000 000)

10 even (—9-10%, 9-10%) =
(—900 000 000, 900 000 000)

11 odd (9-10%, —9-10%) =
(9-10%, —9-10%)

12 even (—9-10'9, 9.10'%) =
(=9

1019 9.1019)

The full coefficient vector at any d is the locked-plus-root prefix followed by the chain of appended
pairs from d — 2 down to the ladder root. The construction is stated formally in §B.3.

10.3 The construction, stated formally
The tables above are the output of a simple recursive recipe that generalizes to every d > 5:
Base cases.
Odd ladder root (at d =5): m = (4,1,2,3,0), 0 = (2,0, 1,4, 3), with coefficient vector
¢®) = (9900, 9,90, —9000, —999).

FEven ladder root (at d =6): m = (4,1,2,3,5,0), 0 = (2,0,1,4,3,5), with coefficient vector

¢ = (9900, 9,90, —9000, 99000, —99999).

Inductive step. Given the rule at d on a ladder, the rule at d + 2 on the same ladder is obtained
by appending two new positions:

d+1 (odd ladder) d (odd ladder)
T = ) = Y
! d (even ladder) s d+1 (even ladder)
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d (odd ladder) d+1 (odd ladder)
0d = ) Od+1 = .
d+1 (even ladder) d (even ladder)

In both cases, the two appended coeflicients ¢y = 10" — 109¢ and cg4q = 1074+ — 1074+1 satisfy
cqd + cgr1 = 0 — they form a zero-sum pair. The only difference between ladders is the sign
convention on the new pair.

10.4 Table B.3. Demonstration at d = 100

To show the recipe is not merely finite-table-bound but scales mechanically, we give the rule at
d = 100 on the even ladder.

Structure of the coefficient vector at d = 100.

e Positions 0 through 3: (9900, 9, 90, —9000). These are the coefficients at F’s four nonzero-digit
positions, preserved verbatim from the native rule at d = 5. (Locked nonzero coefficients.)
e Positions 4,5: (99000, —99999). These are the even-ladder “split” coefficients fixed at the even

root (d = 6).
e Positions 6,7,8,...,99: 47 zero-sum pairs, one appended at each even-ladder step from d = 8 to
d = 100.

The k-th appended pair (for k = 1,2,...,47) consists of

negative

—N—
Cobra = —10%T1 .9 4 (higher-order terms) = — 9 - 102F+4 Conts = 49 - 102874,
(see table)

Concretely, the first four appended pairs at d = 10,12,14, 16 are:

Pair index & Positions  (¢;, ¢iy1)
1 (6,7) (=9 x10% +9 x 10)
2 (8,9) (=9 x10%, 49 x 10%)
3 (10, 11) (=9 x 10, +9 x 101°)
4 (12, 13) (=9 x 102, +9 x 10'?)
47 (98,99) (=9 x 10%8, +9 x 10%8)

Fixed-point verification at d = 100. The digits of F' = 60714 padded to 100 digits, sorted in
descending order, are a = 7, b = 6, ¢ = 4, d = 1, and 96 trailing zeros. Under this assignment,
every appended coefficient ¢; for i > 4 multiplies a zero digit and contributes nothing to K (F'). The
computation reduces to

K(F) = |(9900)(7) + (9)(6) + (90)(4) + (—9000)(1)| = | 69300 + 54 + 360 — 9000 | = 60714.
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This is the same arithmetic at every d > 5. The coefficient-preserving lifting makes the fixed-
point equation trivial at every d because the structural content of the lifting lives entirely in
the zero-digit positions, which absorb the new coefficients without affecting K (F').

The nontrivial content of Theorem 3 is not that K(F) = F at every d — that is automatic from
the construction. The nontrivial content is that every admissible orbit outside the escape class Ejy
at every d > 5 reaches F', which is the work done by Lemmas 5.1 and 5.2.

11 Appendix C. Support Lemmas for the Proof of Theorem 5.2

This appendix provides the technical support lemmas referenced in §5. The organization mirrors
the proof of Theorem 5.2: §C.1 fixes setup, §C.2 proves core non-negativity (Lemma 5.3), §C.3
proves core upper bound (Lemma 5.4), §C.4 proves the reaching-time bound on the odd ladder,
§C.5 addresses the even ladder, and §C.6 establishes the admissible-projection lemma.

11.1 Setup
Throughout, (xg,x1,...,24-1) denotes a sorted-descending digit sequence with xy > 1 > -+ >
xq—1 and each x; € {0,1,...,9}. The native core contribution (Definition 5.4) is

core(x) = 9900xo + 91 + 9022 — 9000 x5 — 999 4.

11.2 Core non-negativity (Proof of Lemma 5.3)

Lemma 5.3 (restated). For every sorted-descending sequence (xg,x1, T2, x3,24), core(z) > 0.
Proof. We proceed by case analysis on the values of 3 and x4.

Case 1: 23 = 24 = 0. Then core(x) = 9900xo + 921 + 90z2 > 0, with equality iff xg = 21 = 29 = 0.

Case 2: z3 > 1, x4 = 0. By sorted-descending, xg > x3 > 1. Writing core(x) = 9000(xo — x3) +
900z + 921 + 90z2, each term is non-negative, so core(x) > 0.

Case 3: 23> 1 and x4 > 1. We use z9 > z3 and z1 > 4.

core(z) = 9900z 4+ 921 + 90z2 — 900023 — 999z4.

Replace 90z > 90x3 (valid since x4 > x3):

core(x) > 9900z + 9z1 + 90z3 — 900023 — 99924 = 9900z + 91 — 8910x3 — 999x4.

Replace 921 > 924:

core(x) > 9900xy — 8910x3 — 9994 + 924 = 99002 — 8910z3 — 99024.

Replace z4 < z3:
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core(z) > 9900z¢ — 891023 — 99023 = 990029 — 99003 = 9900(xy — x3) > 0,

using xg > x3 in the last step.

All three cases cover the admissible possibilities (Case 4 with 23 = 0 and 24 > 1 is impossible by
sorted-descending). In each, core(z) > 0. O

Remark C.1. The minimum core(x) = 0 is achieved at z = (0,0,0,0,0) (repdigit zero). Direct
enumeration over all 2,002 sorted-descending sequences in {0,...,9}° confirms the minimum is
exactly 0.

11.3 Core upper bound (Proof of Lemma 5.4)

Lemma 5.4 (restated). For every sorted-descending sequence (xg, x1, T2, T3, 4), core(x) < 89,991 <
10°.

Proof. The negative terms —9000z3 — 99924 contribute at most 0 (when x3 = x4 = 0), so:

core(x) < 9900z + 921 4+ 9022 < 9900-9+9-9+90-9 = 89,100 + 81 + 810 = 89,991.

The maximum is achieved at (zg, z1, 22, z3,24) = (9,9,9,0,0). O

Corollary C.2 (computational verification). Direct enumeration over all 2,002 sorted-descending
sequences (xq, - ..,24) € {0,...,9}° confirms core(x) € [0,89,991] with minimum 0 at (0,0,0,0,0)
and mazimum 89,991 at (9,9,9,0,0). Runtime: milliseconds.

11.4 The T, reaching-time bound (odd ladder)

The main technical claim underlying Proposition 5.3 rests on a block-structure decomposition
of the lifted rule’s output.

11.5 Block-structure decomposition

At odd digit length d > 7, the odd-ladder rule K((sg)n 4 has coefficient vector

9 = (9900,9,90, -9000,-999) || (+p1,—p1) | -+ | (+par,—par)
~ —_———
native, positions 0..4 pair 1,positions 5,6 pair M ,positions d—2,d—1

where M = (d —5)/2 and p, = 9 - 10312k is the pair-k magnitude. Pair k occupies positions
(3 + 2k, 4 + 2k).

Pair contribution. For input (xg,...,z4_1), each pair k contributes

Dk - T342k — Dk - T2k = Dk Ok, where 0y, 1= x340p — Taqor € {0,1,...,9}.

By the sorted-descending constraint, each d; > 0.

Lemma C.6 (cliff-sequence bound). For any sorted-descending sequence (xg,...,Tq—1) with
each x; € {0,...,9},
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M
= Z($3+2k*$4+2k) < 9.
k=1

M
>
k=1

Proof. Each §; is a non-negative adjacent-position difference within the sorted-descending se-
quence. The sum is a subset of the telescoping total Zf:_g(xz — Ziy1) = T3 — Tg—1. Since all
differences are non-negative and x5 —z4_1 < 9, the selected subsum is bounded by the full telescop-
ing:

M

Z5k <wx3—1x9-1<9.
k=1

O

11.6 Non-negativity of K (@ (z)

Lemma C.7. For every sorted-descending (xo,...,x4—1) and every odd d > 7,

M
KD (z) = core(z) + Zpk O
k=1

In particular, K(d)(x) > 0, so the absolute value operation in the rule definition is vacuous on
sorted-descending inputs.

Proof. Direct substitution into the expanded rule gives

K9 (x) =

d—1
g Ci Ty
=0

M
core(x) + Zpk Ok
k=1

By Lemma 5.3, core(z) > 0. Each pg dr > 0 (since pr > 0 and d; > 0). Hence the argument is
non-negative and the absolute-value bars can be dropped. [J

11.7 The reaching-time theorem

Lemma C.3 (one-step 7, closure on the odd ladder at d > 15). Let d > 15 be odd. For
every admissible input n € Ag with sorted-descending form (xg,...,T4-1),

d
Kéo)714(”) € Ty.

Equivalently, the padded d-digit representation of K@ (n) has at least two zero digits.
Proof. By Lemma C.7,

M
KD (z) = core(z) + Z 910312 5.
k=1
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Decimal-block structure. Each term 9 - 10312%§;, occupies decimal positions 3+ 2k,4 + 2k| as
a two-digit value. Writing 96y, = 10uy, + vy, for ug, v, € {0,...,9}:

9. 103+2]€(5k = uy - 104+2k’ + v - 103+2k2.

The digit pairs (ug, vg) for each dy:

Ok 90k  (ug,vg) Zeros
0 0 (0,00 2
19 (0,9 1
2 18 (1,8) 0
3 27 (27) 0
4 36 (3,6) 0
5 45 (4,5) 0
6 54 (54 0
763 (6,3 0
8 72 (7,2) 0
9 81 (81) 0

Disjoint blocks. Pair k’s block occupies decimals [3+ 2k, 4+ 2k]. Since the block value 945 < 81 <
100, it fits entirely within two decimal positions and does not propagate carries to higher blocks.
Similarly, core(z) < 89,991 < 10° (Lemma 5.4) fits within decimals [0,4] with at most one carry
into decimal 5. That carry combines additively with pair 1’s block at positions [5, 6]: the combined
value is at most w1 -104+v1 +1 = 961 + 1 < 82, still a two-digit value, so no further carry to decimal
7. Blocks for k > 2 retain their (ug,vy) form exactly.

Counting zeros in the block region. Define

Z() :|{k6k:0}‘, Z1 :‘{k‘(sk:l}

N ZQ+ :‘{k5k22}‘

Then Zy+ Z1 + Za+ = M, and the number of zero digits contributed by blocks is at least 27y + 7
(each d = 0 block contributes 2 zeros; each 6 = 1 block contributes 1 zero from uy = 0).

From Lemma C.6, >, §; < 9. Since §;, > 2 for k € Zy,:
279+ + 7, < Z5k <09.
k

Therefore:

220+ 21 = 2(M—Z1—Zg+)+Zl = 2M — 7, — 275y > 2M —09.

At odd d > 17: M > 6, so 2Zy + Z; > 3. This alone gives at least 3 zero digits in the block
region, more than enough for K@ (z) € T;.
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At d =15 (odd): M =5, so 2Zy+ Z; > 1. This gives at least one zero digit from the block
region, but the second zero requires a refined analysis. We complete the argument by partitioning
according to the value of x4.

Lemma C.7 (sharpened cliff-sum bound for d = 15). For sorted-descending (xo, ..., x14) with
x; € {0,...,9},

5
Z5k S Xrq.

k=1
Proof. Each 6, = 319 —410 for k =1,...,5is a non-negative adjacent-position difference among
positions 5,6, ...,14. The full telescoping over these positions is
13
Z(-Ti — Ti11) = T5 — T14.
i=5

Our sum ), 0y, picks out the five differences (x5 — ), (x7 — x3), (x9 — x10), (z11 — Z12), (13 — T14),
a strict subset of these nine. Since every omitted difference is non-negative,

5
Z5k < w5—wy < x5 < 14 U
k=1

Lemma C.8 (core-bound when z4 € {8,9}). If x4 > 8 in sorted-descending (xo,...,x4), then
core(z) < 10%.

Proof. By sorted-descending, x4 > 8 forces xg, x1,x2, 3 € {8,9}. We compute:

core(x) = 9900z + 921 + 90z2 — 900023 — 99924 = 9000(xo — x3) + 90029 + 921 + 90z — 99924.

Since zg, z3 € {8,9} with x¢ > x3, we have z¢g — z3 € {0,1}.
Case xg = x3: The first term vanishes. Then
core(x) = 900z + 91 + 90z2 — 9994.

The maximum over xg,z1,z2 € {8,9} and x4 € {8,9} with x4 < x3 = x¢ is achieved at 9 = 21 =
29 =9,24 =28 900-94+9-9490-9—-999-8 = 8100+ 81+810—"7992 = 999. So core(x) < 999 < 102,

Case xy = x3 + 1: Then xyp = 9 and z3 = x4 = 8 (forcing x4 = 8 since x4 < x3). We get
core(x) = 9000 + 900 - 9 + 9z1 + 90x2 — 999 - 8 = 9108 + 9x1 + 90z,

for x1,x9 € {8,9} with z; > xo > 8. The minimum is 9108 + 72 + 720 = 9900 and the maximum is
9108 + 81 + 810 = 9999. So core(x) € [9900,9999], and in particular core(z) < 10

In both cases, core(z) < 10%. O
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We now complete the d = 15 closure argument.
Three cases for the second zero digit.

Case A: z4 = 0. By sorted-descending, x5 = x¢ = --- = x14 = 0. All five §;, = 0, so every block
contributes (0,0) at decimals [5,6],[7,8],...,[13,14]. The block region produces 10 zero digits at
decimals 5 through 14. Even after accounting for at most one carry from the core into decimal 5,
decimals 6 through 14 remain zero — that is 9 zero digits, far more than the 2 required.

Case B1: 1 < x4 <7. By Lemma C.7, ), 0, < x4 < 7. Since 0, > 2 for k € Zy,

27y + 21 <Y O ST,
k

which gives

220+ 21y =2M — Z1 — 2754 > 10—-T7=3.

So the block region contributes at least 3 zero digits.

Case B2: x4 € {8,9}. By Lemma C.8, core(x) < 10%, so the padded core occupies only decimals 0
through 3, and decimal 4 is a zero digit in the core’s contribution to K% (). Combined with at
least one zero digit from the block region (the 2Zy+ Z; > 1 bound), this gives at least 2 zero digits
total.

In every case, K (15) () has at least 2 zero digits in its padded 15-digit representation, so its sorted-
descending form ends in (0, 0), which means K% (z) € T5.

Combining: at every odd d > 15, K(9(z) has at least 2 zero digits in its padded d-digit form, hence
K9(2) e Ty O

Remark C.3 (at d < 13, the bound fails). At d = 13 (odd), M = 4 and 22y + Z; > —1 is
vacuous. The algebraic argument does not apply. The finite-state enumeration of Proposition 5.2
handles d € {7,9,11, 13} directly, verifying reaching-time bounds of at most 8 iterations.

Corollary C.3 (computational confirmation). Direct enumeration at d = 15 and d = 17
(odd ladder) over all admissible multisets (1,307,404 and 3,124,450 respectively) verifies one-step Ty
closure: every admissible input reaches Ty in exactly one iteration.

11.8 The even ladder

The even-ladder root at d = 6 uses the split-lifted rule with coefficient vector

¢ = (9900, 9,90, —9000, 99000, —99999).

The split replaces the native ¢4 = —999 with two coefficients at positions 4 and 5 summing to —999.
For all higher even d, zero-sum pair extensions operate from d = 6.

Lemma C.4 (one-step T, closure on the even ladder at d > 18). Let d > 18 be even. For
every admissible input n € Ag with sorted-descending form (xg,...,T4-1),
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d
Ké0)714 (n) € Ty

Equivalently, the padded d-digit representation of K@ (n) has at least two zero digits.

Proof. The proof follows the same template as Lemma C.3 (odd ladder), with the dy = 6 split-root
in place of the dy = 5 native root. We carry through the block-structure decomposition with the
appropriate even-ladder adjustments.

Setup. At even d > 8, the coefficient vector is

D = (9900, 9, 90, —9000, 99000, —99999) || (+9-107,—9-107) || --- || (+9 10971, —9. 1077 1)

split root, positions 0-5 pair 0, positions 6,7 pair M’—1, positions d—2,d—1

where M’ = (d — 6)/2 is the number of appended pairs.

Block-structure decomposition. For x = (xq,...,x4_1) sorted descending, define §;, = xor16 — Togpt7
for k=0,1,...,M' — 1,0 6 € {0,1,...,9}. Then

M'—1
KD () = coreeyen () + Z 910275,
k=0

where coreeyen() = 990029 + 921 + 90z2 — 900023 + 9900024 — 9999925 depends only on the first

6 positions, and is non-negative (Lemma C.9 below).

Decimal-block structure. Each block term 9 - 102¥+75, occupies decimal positions [2k + 7, 2k + 8] as
a two-digit value. Writing 96y, = 10uy, + vy, for ug, v, € {0,...,9}:

Ok 90y, digit at 2k + 7 (vg) digit at 2k + 8 (ug)
0 0 0 0
1 9 9 0
2 18 8 1
3 27 7 2
9 81 1 8

Block decimal positions are pairwise disjoint and disjoint from the core. Block k’s contribution
affects only decimal positions 2k + 7 and 2k + 8. Block k& + 1’s contribution affects positions
2k +1)+7=2k+9and 2(k+ 1) + 8 = 2k + 10. These do not overlap. The maximum block-k
value is 81 - 10%**7 (when 83 = 9), which has digits at positions 2k + 7 and 2k + 8 but not at 2k + 9
— so blocks do not carry into one another. The core occupies decimal positions 0 through 5 (since
COTCeven (7) < 899,991 < 10 by Lemma C.8 below). Decimal position 6 is occupied by neither core
nor any block, so it is identically 0 in K (z).

Lemma C.6 generalized to the even ladder. For sorted-descending x,
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M'—1 M’'—1

> k=Y (warss — Tourr) < T6 — Tgo1 < 9.
k=0 k=0

The first inequality follows by telescoping: >, (Tor+6 — Tok+7) = T6 — Td—1 — Zé\/[:l;l($2k+5 — XT2k+6),
and the inner gaps xox45 — Tok16 are non-negative by sorted-descending. The second is the trivial
digit bound. This is the cliff-sum bound.

Block-zero count. Let Zy = [{k : 0 = 0}, Z1 = {k : o = 1}|, and Zoy = [{k : 0 > 2}, so
Zo+ Z1 + Zs. = M. From the table: - Each §; = 0 block contributes 2 zero digits to K(¥(z) (at
positions 2k + 7 and 2k + 8). - Each d; = 1 block contributes 1 zero digit (at position 2k + 8, since
ur = 0). - Each é; > 2 block contributes 0 zero digits at its own positions (both vy and uy are
NONZEro).

Total zero digits from blocks: 27y + 7.

Plus position 6 is always zero (neither core nor any block touches it). So K(¥(z) has at least
27y + Z1 + 1 zero digits in its padded d-digit form.

From Lemma C.6, >, 6; < 9. Since d; > 2 for each k € Zy,:
1 +2Zy < Z1+ Z o < Z% <9
keZot k

Substituting Zg = M’ — Zy — Zy,:

220+ 21 = 2M’—Z1—2Z2+ > 2M' — 9.

The threshold. At even d > 18, M’ > 6, hence K(?(x) has at least (2M’ —9)41 = 2M’ —8 > 4 zero
digits in its padded d-digit form. Sorting K (9 (x)’s digits in descending order places those zeros at
the trailing positions; four trailing zeros suffices for T;; membership (which only requires two). [J

Lemma C.8 (even-ladder core bound). For every sorted-descending x = (xo,...,x5) €
{0,...,9}5, 0 < coreeven () < 899,991 < 105
15

Proof. Direct enumeration over the ( 6 ) = 5,005 sorted-descending 6-tuples confirms min coreeyen =
0 (achieved at (0,0,0,0,0,0), repdigit cases, and others) and max coreeyven = 899,991 (achieved at
(9,9,9,9,9,0): 89,100+ 81 + 810 — 81,000+ 891,000 = 899,991). Hence coreeyen < 10° uniformly. [J

Lemma C.9 (even-ladder core non-negativity). For every sorted-descending x € {0, ...,9}5,
COT€eyen () > 0.

Proof. Direct enumeration over the 5,005 sorted-descending 6-tuples confirms coreeyen(z) > 0 in
every case, with minimum 0. O

Corollary C.4 (computational confirmation). Direct enumeration confirms one-step Ty closure
on the even ladder at d > 18 (the threshold of Lemma C.4) and bounded reaching time at lower even
d:

e d € {8,10,12,14}: maz reaching time is 6,3,2,2 iterations respectively. Verified by Proposition
5.2’s finite-state enumeration. (Lemma C.4’s one-step bound does not apply at these d values; the
bounded reaching time is what enters the induction in §5.7.)
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e d € {16}: every admissible multiset reaches Tig in exactly 1 step. Verified by Proposition 5.2’s
finite-state enumeration.

e d = 18: all 4,686,725 admissible multisets reach Tig in < 1 step. Verified exhaustively via
verify_even_ladder_closure.py 18.

e d = 20: all 10,014,905 admissible multisets reach Toy in < 1 step. Verified erhaustively via
vertfy_even_ladder_closure.py 20.

o d € {22,24,26}: random sampling of 200,000 admissibles per d finds zero counterexamples. Ver-
ified by verify_even_ladder_closure.py D - -sample 200000 for D € {22,24,26}.

Remark C.4 (uniform reaching-time bound). Combining Lemma C.3 (odd ladder, d > 15)
and Lemma C.4 (even ladder, d > 18) with the finite-state enumeration of Proposition 5.2 (covering
odd d < 13 and even d < 16), every admissible input on either ladder at every d > 5 reaches Ty in
a uniformly bounded number of iterations. Specifically: T; = 1 for odd d > 15 and even d > 18;
T; < 8 for the remaining low-dimensional cases (Proposition 5.2). The induction in §5.7 closes on
both ladders at every d > 5.

11.9 Admissible projection under Lemma 5.1

Lemma C.5 (admissible projection). Let d > 7, let n € Ag N Ty with sorted-descending form
(zo,21,-..,24-3,0,0), and let m be the integer with sorted-descending form (xg,x1,...,24_3) at
digit length d — 2. Then one of the following holds:

1. m € Ay_o (admissible at d —2): the inductive step of Theorem 5.2 applies directly, and the orbit
of n reaches 60714.

2. m is a repdigit at d — 2: n belongs to a residual escape class and the orbit of n under K@
reaches 0 rather than 60714.

3. m is a near-repdigit at d — 2: n € Ay (admissible at d), and after one iteration of K@ the
projection becomes admissible at d — 2, so the inductive step closes with a one-step delay; the
orbit reaches 60714.

Proof. We check the admissibility conditions at d — 2 in cases.
Case 1: m is a repdigit at d — 2 (i.e., xg =21 =+ = x4_3 = v for some v € {0,...,9}).

Sub-case la: v = 0. Then n’s sorted-descending form is (0,0,...,0), i.e., n = 0. This is not in Ay,
so this sub-case is excluded.

Sub-case 1b: v > 1. Then n’s sorted-descending form is (v,v,...,v,0,0) with d — 2 copies of v and
2 zeros. This is admissible at d as long as d — 2 < d — 2 (trivially) and the zero count is < d — 1
(true for d > 3). So n € Ay

Applying K4 to n: by Lemma 5.1, K@ (n) = K(4=2)(m) where m = (v,v,...,v) is a repdigit at
d — 2. By Proposition 2.3, K(¢=2)(repdigit) = 0. So K@ (n) = 0, and the orbit reaches zero rather
than 60714.

These inputs form the residual escape class for 60714’s lifting at d. Their count per d equals
the number of repdigit values v € {1,...,9}, multiplied by (if we count integer inputs rather than
multisets) the number of distinct permutations of the multiset, which is bounded by a small constant.

Case 2: m is a near-repdigit at d — 2 (one digit appears d — 3 times among (zo,...,Z4_3)).

61



If the near-repeated digit is 0, then n has at least d — 3 + 2 = d — 1 zero digits, making n itself
near-repdigit at d (excluded from Ap).

If the near-repeated digit is some nonzero v, then n’s sorted-descending form has d — 3 copies of v,
one other nonzero digit w, and two zeros. The digit count (d—3, 1,2) does not make n near-repdigit
at d (requires d — 1 or d of a kind), so n € Ag.

For these inputs, the projection m at d — 2 is a near-repdigit, so m ¢ Ayz_o and the inductive
hypothesis does not apply directly to m. However, the inductive step closes after at most two
iterations of K (% via the following structural fact.

Lemma C.10 (admissibility recovery for Case 2). For every d > 7 and every Case 2 input
n € AgN Ty with near-repdigit projection m at d — 2, the orbit n, K9 (n), (K®)2(n) contains a
state n* € Ty whose projection m* € Aq_s is admissible at d — 2. The number of iterations of K@
required is at most 2.

Proof. By Lemma 5.1, K(¥(n) is the integer K2 (m), and K@ (n) € T;. The state ny :=
oq(K@(n)) — ie., the sorted-descending form at length d of the integer K(4=2)(m) — has a pro-
jection at d—2 given by its first d — 2 entries. The proof of the lemma reduces to a case enumeration
over the Case 2 inputs n € Ay NT; — those whose sorted-descending form is (v,v,...,v,w,0,0)
with d — 3 copies of v # 0, one digit w # v, and two trailing zeros. (The v = 0 row is excluded by
admissibility at d: it would give d — 1 zeros and one nonzero, a near-repdigit at d.) Of the 90 pairs
(v,w) with v # w, exactly 81 produce admissible Case 2 inputs at d, partitioned as follows.

We separate near-repdigits at d— 2 by the position of the unique unequal digit. A sorted-descending

near-repdigit has the form (v,v,...,v,w) with d — 3 copies of v and one digit w # v. Since the
form is sorted descending, either w > v (singleton at top, m = (w,v,...,v)) or w < v (singleton at
bottom, m = (v,v,...,v,w)).

The integer K (4—2) (m) has a closed form in each subcase, yielding a single decimal value whose sort
at length d has explicit structure:

Case A: w > v (36 inputs at d). The projection m = (w,v,v,...,v) at d — 2 has the singleton at
the top. K(@=2) (m) depends on w,v and the specific ladder; direct enumeration over all 36 Case
A inputs (the 45 pairs with w > v minus the 9 with v = 0, excluded by admissibility) at every
d—2 € {5,6,...,14} confirms that the resulting state n; has admissible-at-(d — 2) projection in
every instance. The induction closes after one iteration of K (4.

Case B: w < v (45 inputs at d). The projection m = (v, v,...,v,w) at d—2 has the singleton at the
bottom. For d — 2 > 7, the lifting structure (zero-sum appended pairs with v > w pushed against
the negative-coefficient slot) forces the closed form K(4=2)(m) = 9(v —w) - 1043, (At d—2 € {5,6}
— i.e., d € {7,8} — the closed form does not apply because the lifting at d — 2 = 5 has the native
—999 coefficient and at d —2 = 6 the split-lifted root is in play; these base cases are handled below.)
Let A=v—we{l,2,...,9}.

The integer 9A - 10973, when sorted-descending at length d (note d, not d — 2), produces a state
whose first d — 2 entries determine the projection mj at d — 2. Direct computation:

o If Ae{2,3,...,9} (36 Case B inputs total): 9A € {18,27, 36,45, 54,63, 72,81} has two nonzero
digits, and 9A - 10973 at sort-desc-length-d has projection at d — 2 that is an admissible multiset
(two distinct nonzero digits, d — 4 zeros — max count d — 4 < d — 3 for d > 8). The induction

closes after one iteration of K (@),

62



e If A =1 (9 Case B inputs total): 9A = 9 has one nonzero digit, and 9-1092 at sort-desc-length-d
has projection at d—2 equal to (9,0,0,...,0) — itself a near-repdigit at d —2. A second iteration
of K@ ig required.

For these 9 second-iteration stragglers, applying K (@ again — which by Lemma 5.1 again projects
to K(42)((9,0,0,...,0)) = 9-9900 = 89,100 on the odd ladder (the even ladder yields the analogous
value). The integer 89,100, sorted-descending at length d, has projection (9,8,1,0,0,...,0) at d—2
— admissible (three distinct nonzero digits, max count d — 5 < d — 3 for d > 8). The induction
closes after two iterations of K@),

Special-cases at the low end of the ladder. At d —2 =5 (i.e., d = 7), the closed form for Case B
does not apply, but direct enumeration shows all 81 admissible Case 2 inputs at d = 7 produce
admissible-at-5 projections in one iteration; no second-iteration stragglers exist. At d —2 =6 (i.e.,
d = 8), the closed form for Case B again does not apply directly, but direct enumeration confirms
the same general pattern: 72 recover in 1 iteration (36 Case A + 36 Case B with A > 2), 9 recover
in 2 iterations (9 Case B with A =1).

Total. For every d > 8: of the 81 admissible Case 2 inputs at d, 72 recover an admissible-at-(d — 2)
projection after 1 iteration of K (9 and the remaining 9 recover after 2 iterations. At d = 7, all 81
recover after 1 iteration. The induction in §5.7 closes in either case. [J

Note. The script verify_case2_recovery.py provides per-d verification of the 72/9 split (or 81/0
at d = 7) and confirms all reach 60714, with the maximum total reaching time bounded uniformly:
27 steps on the odd ladder, 15 on the even ladder, independent of d (verified through d = 30).

Empirical confirmation across the verified range. FExhaustive enumeration at every d €
{7,8,9,10,11,12,13,14,15,16,17,18,19,20} confirms: all 81 Case 2 multisets per d reach 60714,
with maximum reaching times 29, 15,27, 15,27, 15,27, 15,27, 15,27, 15, 27, 15 steps respectively (ver-
ified by verify_case2_recovery.py).

Case 3: m € A; 5 (admissible at d—2, neither repdigit nor near-repdigit). The inductive hypothesis
applies: by Theorem 5.2 at d — 2, the orbit of m under K(4=2) reaches 60714 in finitely many steps.
By Lemma 5.1, the orbit of n under K@ tracks this orbit and reaches 607144 (i.e., 60714 padded
to d digits).

Summary. For n € A;NT,; with m € Ay_5 (Case 3), the induction closes directly. For n in the
residual escape class (Case 1b only — repdigit projection), the orbit reaches 0 rather than 60714.
For n with near-repdigit projection (Case 2), the induction closes with a one-step delay: K (@ (n)
has admissible projection at d — 2, and the inductive hypothesis takes over from there. The main
theorem’s statement — universal at every d > 5 — holds in the strict sense at d = 5 and d = 6
(where the escape class is empty) and holds modulo the characterized residual escape class (Case 1b
only) at d > 7. The escape class is explicitly documented at each d in Appendices D and E. O

Remark C.6. The statement of Theorem 5.2 (§5.2) makes the dependence on the escape class Ey

precise: universal convergence holds on Ay \ E; at every d > 5, with E; = () at d = 5,6 and Ejy

(1)

non-empty at d > 7. The size of the step-1 component F dl admits the closed form (Lemma 5.5)

10+k—-1
0= (U S0 k=1 - oy

Numerically, |E{"]| is 45, 45,210,210, 705, 705 at d = 7,8,9,10,11,12, growing polynomially in d.
The full escape class F, is the backward orbit of the block-aligned set under Kég)?l 4; its asymptotic
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size is bounded by direct enumeration at each d but no closed form is currently proven. Empirically,
every orbit in F; at d < 11 collapses to 0 within 4 iterations.

12 Appendix D. Universal Full-Variable Fixed Points at d =7

This appendix documents the classification of universal full-variable fixed points at d = 7 and the
cross-dimensional outcomes for the two-zero d = 6 stratum tested at d = 7. Two complementary
enumerations underlie the data:

¢ Run B (exhaustive classification at d = 7). Sound exhaustive enumeration over all 9,344,160 =
7! - Dy full-variable rules at d = 7, identifying every universal full-variable fixed point. Numba-
accelerated, approximately 45 seconds wall-time on commodity hardware.

e Run C (cross-dimensional outcome verification). For each of the 53 two-zero d = 6 uni-
versal fps, exhaustive enumeration of all rank-7 rules fixing the fp with exact basin computation.
Approximately one hour wall-time.

A held-out validation set of 12 additional d = 6 fps (drawn from 0-zero, 1-zero, 2-zero, and 3-
zero strata) is used in §D.2 to validate the Type A LOCK characterization beyond the two-zero
stratum. The complete computational pipeline, including the audit package d7_audit/, is provided
as supplementary material (§1.7.1).

12.1 Universal full-variable fps at d =7

Run B identifies 18,004 universal full-variable fixed points at d = 7, attained by 49,292
universal rules. Zero-stratification:

Zero count Universal fixed points

0 7,541
8,125
1,996
316
19
7

T W N =

The 21 strict-universal d = 7 fps catalogued in earlier drafts of this Appendix (under “Case 1”7 and
“Case 2”) all appear in the Run B catalog with rule-count metadata matching exactly. The earlier
draft also listed F' = 1,406,070 as a “NEAR-edge” case; this fp does not appear in the Run B catalog
of strict-universal fps because its best basin at d = 7 is below the strict-universal threshold (basin
~ 0.9999 < 1), confirming the earlier NEAR-edge characterization.

12.2 Cross-dimensional outcomes: the two-zero d = 6 stratum

Of the 506 universal full-variable fixed points at d = 6, exactly 53 have multiset structure with two
trailing zeros at d = 6 (equivalently, three trailing zeros when padded to d = 7). Run C performs
exhaustive outcome verification for these 53 fps at d = 7, classifying each as TRANS (best basin
> 0.99), NEAR (basin in [0.95,0.99)), LOCK (basin < 0.95), or algebraic obstruction (no fixing
rule exists).
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Result. 43 TRANS, 2 NEAR, 8 LOCK. Of the 8 LOCK fps, 4 are Type A LOCK and 4 are Type B
LOCK in the sense of §6.6. The 43 TRANS comprise 42 strict-universal (basin = 1) plus F' = 60714
(basin = 0.992857, NEAR-strict by the threshold of §1.4).

Strict-transcendence rate for the two-zero d = 6 stratum at d = 7: 43/53 ~ 81.1%. Including
NEAR cases the rate is 45/53 ~ 84.9%. Earlier estimates based on the smaller 21-fp strict-universal
subset (table D.7 of the prior draft) suggested cross-dimensional rates near 96%; the corrected
figure for the full 53-fp stratum is lower, though still high enough to justify the qualitative claim
that cross-dimensional transcendence is “common at higher dg.”

The full verified outcomes table:

F Outcome Best basin  Type Valid rules Rules > 0.99

4,545 TRANS  1.000000 - 1,920 12
7,191 NEAR 0.984568 - 432 0
8,919 TRANS  1.000000 - 768 14
8,991 TRANS  1.000000 - 1,632 68
9,189  TRANS  1.000000 - 1,344 8
9,225 LOCK 0.884215 B 216 0
10,899 TRANS  1.000000 - 1,632 16
17,019 LOCK 0.574250 A 192 0
37,017 LOCK 0.860582 A 192 0
44,505 TRANS  1.000000 - 1,920 4
52,605 LOCK 0.563404 B 288 0
54,450  TRANS  1.000000 - 1,920 10
60,714  TRANS  0.992857 - 36 4
67,023 LOCK 0.868783 B 36 0
80,919 TRANS  1.000000 - 1,584 30
80,991  TRANS  1.000000 - 768 26
81,099 TRANS  1.000000 - 768 8
89,019 TRANS  1.000000 - 2,208 20
90,819 TRANS  1.000000 - 2,112 4
90,918 TRANS  1.000000 - 1,344 4
91,809 TRANS  1.000000 - 1,440 6
98,091 TRANS  1.000000 - 1,440 16
100,899 TRANS  1.000000 - 2,400 46
108,099 TRANS  1.000000 - 1,440 18
109,809 TRANS  1.000000 - 1,296 4
146,070  TRANS  1.000000 - 108 4
170,460  LOCK 0.922928 B 36 0
180,909 TRANS  1.000000 - 1,440 6
189,009 TRANS  1.000000 - 2,784 8
190,089 TRANS  1.000000 - 2,208 22
190,809 TRANS  1.000000 - 768 30
445,006 TRANS  1.000000 - 1,920 10
445,060 TRANS  1.000000 - 1,920 12
504,450 TRANS  1.000000 - 1,920 14
544,500 TRANS  1.000000 - 1,920 12
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F Outcome Best basin  Type Valid rules Rules > 0.99

607,140 NEAR 0.985450 - 36 0
700,191 TRANS  1.000000 - 432 2
701,901 LOCK 0.816755 A 192 0
707,130 LOCK 0.916314 A 384 0
719,100 TRANS  1.000000 - 432 2
809,091 TRANS  1.000000 - 2,880 24
809,109 TRANS  1.000000 - 2,208 16
810,909 TRANS  1.000000 - 2,976 10
890,091 TRANS  1.000000 - 768 14
900,891 TRANS  1.000000 - 768 24
901,890 TRANS  1.000000 - 1,440 6
908,091 TRANS  1.000000 - 2,208 28
908,109 TRANS  1.000000 - 2,304 18
908,190 TRANS  1.000000 - 2,112 14
908,901 TRANS  1.000000 - 1,536 36
909,081 TRANS  1.000000 - 2,976 34
910,089 TRANS  1.000000 - 768 44
910,809 TRANS  1.000000 - 2,208 14

The “Type” column is — for TRANS/NEAR fps; A or B for LOCK fps per the §6.6 classification.
The “Rules > 0.99” column counts d = 7 fixing rules whose basin meets the strict-universal threshold
of §1.4.

12.3 Held-out validation of the Type A LOCK characterization

To validate the Type A characterization (Definition 6.3) beyond the two-zero stratum, we ran the
verifier on 12 additional d = 6 universal fps drawn from 0-zero, 1-zero, 2-zero, and 3-zero strata (3
each):

Outcome at zsp rules / total
F Stratum at d = 6 d="17 Type rules at d =7
112,743 0-zero LOCK A 0/32
284,679 0-zero LOCK B 6/16
477,936 0-zero (algebraic - 0/0
obstruction)

11,736 1-zero LOCK A 0/16
175,086 1-zero LOCK B 8/12
386,064 1-zero LOCK A 0/16

4,545 2-zero TRANS - 1,344/1,920

89,019 2-zero TRANS - 1,248/2,208
544,500 9-zero TRANS - 1,344/1,920

252 3-zero TRANS - 1,152/4,224

20,025 3-zer0 TRANS - 1,152/4,224

200,025 3-zero TRANS - 1,152/4,224
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The Type A predictor was tested blind on this held-out set: 3 of 12 fps (112,743, 11,736, 386,064)
were predicted Type A LOCK based solely on their absence of zsp rules at d = 7. All three

predictions matched the verified LOCK outcomes. No false positives occurred (no Type A prediction
fired on any of the 6 TRANS records or 2 Type B LOCK records).

The held-out result confirms that Type A LOCK is not specific to the two-zero stratum; it is
a general structural mechanism applicable across multiple zero-count strata at d = 6 — d = 7.
Combined with Run C, the Type A predictor has 7 correct predictions out of 7 across 65 total
verified records, with zero false positives.

12.4 Cycle signatures at d =7

The cycle signature of a permutation pair (7, o) records the cycle decomposition of m-o~!. Among
the 53 Run C fps, four signatures appear among fixing rules: (2,2,3), (2,5), (3,4), and (7,). The
signature (3,4) — the natural structural analog at dp = 7 of (3, 3) at dp = 6 — does not uniformly
produce LOCK rules: 9 of the 53 fps include (3,4) in their signature set and TRANS, while 5
include (3,4) and LOCK. The factorization mechanism that locks (3,3) at dp = 6 (Theorem 6.1
part 4) does not generalize directly to (3,4) at dp = 7.

A refined cycle-signature pattern does hold (§6.7, observation 4): fps whose fixing-rule space is
restricted to only the long-cycle signatures {(3,4),(7,)} uniformly LOCK at d = 7 (4 of 4 in Run
C). All four cases are also Type A LOCK by Observation 6.3, which suggests the cycle-signature
restriction is a consequence of the more fundamental zsp absence rather than an independent clas-
sifier.

12.5 Cross-dimensional behavior

Transition Universal fps Strict TRANS Rate
d=4—d=5 4atd=4 Oatd=5 0%
d=5—-d=6 33atd=5 1 at d=6 (60,714) 3%
d=6—d="17 53 43 81%
(two-zero stratum)

d=6—>d=717 11 (excluding alg. 6 55%
(held-out 12-fp obstruction)

set)

Observation D.1 (revised, empirical). Cross-dimensional transcendence from dp to dp + 1
rises sharply with the zero-digit count of F’s padded multiset. Within the two-zero d = 6 stratum
tested at d = 7, the strict-transcendence rate is 43/53 ~ 81%. Within the broader held-out set
spanning 0-zero through 3-zero strata, the rate falls to 6/11 =~ 55%, with 0-zero and 1-zero fps
disproportionately LOCK or algebraically obstructed. The trend is consistent with Conjecture 7.2:
dimension-transcendence is enabled by absorbing capacity, which grows with both dp and zero-digit
count.

Note on the 4-zero stratum at d = 6. No universal full-variable fixed points exist at d = 6
with 4 or more zero digits in their padded sorted-descending form, by exhaustive enumeration. The
trivial fixed point F' = 0 (with 6 zero digits) is excluded throughout this paper by the convention
of §2.
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12.6 Reproducibility

The complete data underlying this appendix is reproducible from the supplementary d7_audit/
package (§1.7.1):

e classify_d7_full.py reproduces Run B (the 18,004-fp classification at d = 7). Wall-time: ~ 45
s.

e d7_outcome_verifier.py reproduces Run C (cross-dimensional outcomes for the two-zero d = 6
stratum). Wall-time: ~ 1 hour.

e audit_60714_d7.py and audit_60714_d8.py reproduce the empirical confirmation of Lemma 5.5
at d =7 and d = 8 (cf. §5 Remark). Wall-time: ~ 3 s each.

Per-fp data is recorded in d7_classification. json (Run B output) and d7_verified_outcomes. json
(Run C output), both included as supplementary files. The earlier dF7_summary_complete. json is
retained for reference; its 21-fp strict-universal listing is a strict subset of Run B’s 18,004-fp catalog.

End of Appendix D.

13 Appendix E. Audit of 6174 at d = 8,9

This appendix documents the exhaustive audit of coefficient-preserving liftings of 6174’s native rule
at digit lengths d = 8 and d = 9, supporting Theorem 6.1 in §6.

13.1 Setup

The native rule of 6174 at dp = 4 is the classical Kaprekar rule Ko: 7 = (3,2,1,0), 0 = (0,1, 2, 3),
coefficient vector ¢ = (999,90, —90, —999). The sorted-descending form of 6174 at d = 4 is
(7,6,4,1) with no zero digits, so every native coefficient lands on a nonzero digit: svp(Ko) =
sv(Kp) = 4.

When we pad 6174 to d = 8, the sorted-descending form becomes (7,6,4,1,0,0,0,0). The four zero
positions (indices 4,5, 6,7) become the “absorbing” positions for coefficient-preserving lifting: new
coefficients at these positions multiply zero digits and do not affect K(F') = F.

Coefficient-preserving lifting at d = 8. A rule K at d = 8 with coefficient vector ¢ =
(co, c1,¢2,c3,c4,C5,06,¢7) is a coefficient-preserving lifting of Ky if ¢; = 054) for i € {0,1,2,3}
— that is, if the first four coefficients are exactly (999,90, —90, —999). By Proposition 5.1, any such
rule satisfies K (6174(g)) = 6174.

(4)

Given the native constraint ¢; = ¢;
those positions: mg = 3,00 = 0, m1 = 2,01 = 1, mo = 1,02 = 2, m13 = 0,03 = 3. The remaining
positions 4,5, 6,7 are freely assignable, subject to:

at positions 0, 1, 2, 3, the permutations 7 and o are forced at

o (my, s, T, m7) is a permutation of {4,5,6,7}: 4! = 24 choices.
e (04,05,06,07) is a permutation of {4,5,6,7}: 24 choices.
o m; # o; for i € {4,5,6,7} (derangement at the tail): Dy =9 choices given 7.

Total liftings at d = 8: 24 -9 = 216.
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Analogous setup at d = 9. The sorted-descending form of 6174 at d =9 is (7,6,4,1,0,0,0,0,0)
with five zero positions. Coefficient-preserving liftings preserve ¢® at positions 0,1, 2,3 and freely
assign 7,0 at positions 4,5,6,7,8. Total count:

5! D5 =120 - 44 = 5,280.

13.2 Audit results
13.3 At d=2S8

Exhaustive audit of all 216 coefficient-preserving liftings at d = 8, each tested against all 24,210
admissible multisets with iteration budget 50:

Status Count
Strict-universal (basin = 1.0) 0
Near-universal (basin > 0.99) 15
Sub-near (0 < basin < 0.99) 201
Best basin 0.998141

Runtime: approximately 150 seconds on commodity hardware.

Best lifting (representative). Among the two liftings achieving the maximum basin 0.998141 (a
sign-flip pair), one has permutations

T=(3,2,1,0,5,7,6,4), o=1(0,1,2,3,6,4,5,7),

with coefficient vector

¢ = (999, 90, —90, —999, —900,000, 9,990,000, 900,000, —9,990,000).

Verification: K (6174(g)) = [999-7+90-6—90-4—999-1+0+0-+0-+0| = |6993+540—360—999| = 6174.
v
13.4 [Escape characterization at d =8

For the best lifting, exactly 45 admissible multisets fail to reach 6174. All 45 have the form of two
four-of-a-kind groups: sorted-descending (X, X, X, X,Y,Y,Y,Y) for some pair X >Y > 0.

There are exactly (120) = 45 such digit pairs (X,Y) with X > Y > 0, accounting for all 45 escape
multisets.

Complete list of escape multisets at d = 8 (listed as sorted-descending tuples):
(1,1,1,1,0,0,0,0), (2,2,2,2,0,0,0,0), ..., (9,9,9,9,0,0,0,0) — the 9 multisets with Y = 0.
(2,2,2,2,1,1,1,1), (3,3,3,3,1,1,1,1), ..., (9,9,9,9,1,1,1,1) — the 8 multisets with Y = 1.
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(9,9,9,9,8,8,8,8) — the 1 multiset with Y = 8.
Total: 9+8+7+6+5+4+3+2+1=45 multisets.

Why these escape. Each escape multiset (X, X, X, XYY YY) has only two distinct digit
values, with exactly four copies of each. Applied to the best lifting:

KX%YY =g X4+e1- X+ X+e3- X+eq-Y4es-Y+eg-Y+er-Y]
=[(cot+ecrt+cates) X+ (ca+es+cs+cer) Y|
=1(999 + 90 — 90 — 999) - X + (—900,000 + 9,990,000 + 900,000 — 9,990,000) - Y'|
=10-X+0-Y|=0.
The first four coefficients sum to 0 (since K¢ has sum-zero structure), and the last four coefficients

sum to 0 (by the coefficient-preserving lifting construction). When the input has only two distinct
values, the rule’s action collapses algebraically to zero.

This is not a feature of the specific best lifting — it is a structural consequence of sum-zero con-
straints on coefficient-preserving liftings. Every coefficient-preserving lifting at d = 8 maps every
four-of-a-kind-paired multiset to 0.

13.5 Atd=9

Exhaustive audit of all 5,280 coefficient-preserving liftings at d = 9, each tested against all 48,520
admissible multisets with iteration budget 60:

Status Count
Strict-universal (basin = 1.0) 0
Near-universal (basin > 0.99) 302
Best basin 0.999073

Runtime: approximately 60 minutes on commodity hardware.

13.6 Escape characterization at d =9

For the best lifting at d = 9, the 45 escape multisets have the same structural form as at d = 8,
extended with trailing zeros. Specifically: sorted-descending (X, X, X, X, Y, Y, Y, Y,0) for X > Y >

0 (whenY >1)or (X, X, X,X,0,0,0,0,0) (when Y = 0). There are again (120) = 45 such multisets.

The escape count is independent of d. The 45-multiset structural form is preserved across
d = 8,9 and is expected to continue at d > 10: at higher d, the escape multisets are obtained by
appending trailing zeros to the d = 8 escape forms.

13.7 Asymptotic behavior

Basin growth. The escape count at d = 8,9 is fixed at 45. The admissible multiset count grows
with d:
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d # admissible multisets # escapes basin (best)

8 24,210 45 0.998141

9 48,520 45 0.999073

10 expected ~ 92,000 expected 45 expected ~ 0.9995
d — o0 — 00 45 —1

Asymptotic claim. The best-lifting basin for 6174 approaches 1 as d — oo. Formally, if the
45-escape structural form persists at all d > 8, then

4
best basin at d =1 — oo 1— 010749,
| Adl

The constant-count escape class means the ratio 45/|A4| decays as | A4| grows, which for admissible
multisets at digit length d grows combinatorially.

Strict-universal at any d > 8?7 Audit at d = 8,9 finds 0 strict-universal liftings. Whether
any d > 10 admits a strict-universal coefficient-preserving lifting of 6174 remains open. The
structural argument of §E.2.2 suggests the answer is no: the four-of-a-kind-paired escape class
is algebraically forced by sum-zero on the native and appended coefficients, and appears in every
coeflicient-preserving lifting.

13.8 Conjectural extension

Conjecture E.1. For every d > 8, the 45-multiset escape class persists at 6174’s coefficient-
preserving liftings, and no coefficient-preserving lifting is strict-universal. The best basin asymptotes
to 1 monotonically.

Resolving Conjecture E.1 requires a structural argument at general d beyond the direct audit at
d = 8,9. The algebraic proof of the 45-multiset escape class’s persistence (that it is forced by
sum-zero constraints regardless of which coefficient-preserving lifting is chosen) is outlined in §E.2.2
and could likely be extended to all d, but we do not pursue this here.

End of Appendix E.

14 Appendix F. Strict-d Anchors and the {7,6,4, 1}-Thread Tower

Status: Preliminary working notes added April 29, 2026 (revised April 30, 2026 to correct §F.5 — see
“Note (added in revision)” below). The classifications and counts in §F.3 and §F.4 are computational
findings established by two independent enumerations: the original universality_scan_v3.py run
and a fresh from-scratch verifier (verifier_v2.py, fp-first traversal with direct (A, B) image-pair
enumeration) that reproduces every count exactly. The strict-d criterion of §F.2 is well-defined and
exactly captures the distinction we use; whether it is the right central object for a future revision of

the main paper, and whether the reported d = 7 counts extend to higher d, are explicitly left open in
§E.6.
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14.1 Purpose

The main paper establishes that 60714 is a universal full-variable fixed point at every digit length
d > 5 under the coefficient-preserving lifting family of §5 (Theorem 3). That result is unchanged.

The notion of universality used throughout the main paper admits absorption to 0: a rule K is
universal for fixed point F' at digit length d iff every input in A, (the admissible inputs, excluding
repdigits and near-repdigits) iterates under K either to F' or to 0, with no input entering a non-
{F,0} cycle. Inputs that absorb to 0 are the structurally characterized escape class of §5 (Lemma
5.1, Lemma 5.2). The present appendix makes this convention explicit and uses the abbreviation
F-or-0 universality when the distinction matters.

This appendix introduces a strengthened criterion — strict at d — that distinguishes rules whose
dynamics genuinely involve all d coefficient positions on F' from rules that are zero-sum-pair ex-
tensions of lower-dimensional rules. Under the strict criterion, the cross-dimensional structure of
the {7,6,4,1}-thread is substantially richer than reported in the main paper, and the classical
Kaprekar constants 6174 and 1746 acquire strict-anchor status at d = 7 — a finding consistent
with, but sharper than, the cross-dimensional pattern of 6174 described in §6.

14.2 The strict-d criterion

Let K = Kr, be a universal full-variable rule for F' at digit length d, with coefficient vector
¢ = (co,€1y..-,¢4-1), and let (xg,x1,...,24-1) denote F’s sorted-descending form padded to d
positions.

Definition F.1 (trivial zero-sum pair on F'). A pair of indices (i, j) with ¢ < j is a trivial zero-sum
pair on F if ¢;+¢; = 0 and x; = xj. Such a pair contributes ¢;z; + ¢jz; = ¢;(z; — x;) = 0 to K (F),
so the fixed-point equation K (F) = F' is unchanged if the pair is removed: the rule’s action on F
itself is reproduced by a (d — 2)-coefficient sub-rule.

Definition F.2 (strict at d). A universal full-variable rule K for F' at digit length d is strict at d
if its coefficient vector has no trivial zero-sum pair on F' in the sense of Definition F.1.

Definition F.3 (strict-d anchor). A fixed point F' is a strict-d anchor if F' is a universal full-
variable fixed point at digit length d and admits at least one strict-at-d universal rule.

The main paper’s results are stated in terms of universal fps; that is, fps admitting any universal
full-variable rule. Strict-d anchors are the subset of universal fps for which the universality is not
achieved purely by zero-sum-pair extension on equal-digit positions of F'.

14.3 The {7,6,4,1}-thread under strict-d

We applied the strict-d criterion exhaustively at digit lengths d = 5,6, 7 to all universal full-variable
fps in the relevant zero-padded extensions of {7,6,4,1}.

Observation F.1 (strict-d anchors of the {7,6,4,1}-thread). The strict-d anchors at digit lengths
d <7 are:

d Multiset Strict-d anchors Count
4 {7,6,4,1} 1746, 6174 2
5 {7,6,4,1,0} 60417, 60714 2
6 {7,6,4,1,0,0} 60714, 146070, 170460, 607140 4
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d Multiset Strict-d anchors Count
7 {7,6,4,1,0,0,0} (see below) 11

The full d = 7 list is:

1746, 6174, 17460, 61740, 146070, 174006, 174600, 1,400,706, 1,460,700, 1,746,000,
6,174,000.

The d = 6 classification reproduces the four-fp set highlighted in §6.2.3 of the main paper. The
d = 7 classification is new in this appendix.

The verification is computational. For each d € {5,6,7} we enumerated all sv= d rules fixing
each integer in the multiset, tested each fixer for universality (under the F-or-0 convention), and
tested each universal rule for the strict-d criterion of Definition F.2. The classification was carried
out by two independently developed scanners: universality_scan_v3.py (rule-first traversal) and
verifier_v2.py (fp-first traversal, fresh from-scratch implementation). Both scanners produce the
same lists at d = 5,6, 7, the same rule-counts per fp, and the same actual rule sets where checked.
Source code and JSON outputs are provided as supplementary material.

14.4 The non-monotone strict-anchor pattern

Observation F.2 (non-monotone strict-anchor pattern of 6174 and 1746). The classical Kaprekar
fixed points 6174 and 1746 are strict-d anchors at d = 4 and d = 7, but not at d = 5 or d = 6.
Specifically:

e At d=>5: neither 6174 nor 1746 admits any sv= 5 rule satisfying K(F') = F (algebraic obstruc-
tion). This matches §1.4 of the main paper.

e Atd=6: both 6174 and 1746 admit universal sv= 6 rules under the F-or-0 convention, but every
such rule is a zero-sum-pair extension of the classical d = 4 rule on the two zero positions. Under
Definition F.2 these rules are non-strict.

o At d = 7: 6174 admits 6 strict-d = 7 universal rules and 1746 admits 12. The rules engage all
seven coefficient positions in non-trivial pairings, with no pair summing to zero on equal digits of

F.

This pattern was previewed in §6 of the main paper as the cross-dimensional fingerprint of 6174
(universal at d = 4 and near-universal at d > 7, obstructed at d = 5,6), but stated in terms of
universality rather than strict anchorhood. The strict-d criterion sharpens the observation: 6174’s
reappearance at d = 7 is not a quirk of a particular lifting family but a structural feature — 6174
is a strict-d anchor at d = 7 in the same sense it is at d = 4.

Observation F.3 (strict-anchor status of 60714 and 60417 at d = 7). Both 60714 and 60417 admit
universal sv= 7 rules at d = 7 under the F-or-0 convention, but every such rule contains a trivial
zero-sum pair on F. Under Definition F.2, 60714 and 60417 are not strict-d anchors at d = 7.

For 60714, the canonical lifting of §5 of the main paper has coefficient vector
¢ = (9900, 9, 90, —9000, —999, 900000, —900000).

The pair (900000, —900000) at indices 5,6 lands on the two trailing zero positions of the sorted-
descending form sort desc(60714) = (7,6,4,1,0,0,0). Both positions hold digit 0, so the pair
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contributes zero on F', and the fixed-point equation is reproduced by the five-coefficient sub-rule at
indices {0, 1,2,3,4} — which is precisely the d = 5 rule.

This observation is consistent with the main paper’s Theorem 3: 60714 is a universal full-variable
fp at every d > 5. The strengthening is that for d > 7, the lifting is non-strict by Definition F.2;
the genuinely d-dimensional dynamics of 60714 live at d = 5 and d = 6.

14.5 Pure-duplication extensions

The main paper considers only zero-padded extensions of multisets across d. We tested the alter-
native — pure-duplication extension, where the digits added at d > 4 are drawn from the classical
core itself (e.g., {7,7,6,4,1} at d =5).

Observation F.J4 (pure-duplication extensions at d € {5,6,7}). Let M = {7,6,4,1} be the d =4
classical multiset. For d € {5,6}, every multiset of the form M U S with S drawn from M has digit
sum 18 + |S| - m where m ranges over averages of multisets of M. No such sum is divisible by 9 for
|S| € {1,2}; consequently no universal fp exists in these multisets at d = 5,6. For d = 7, four pure-
duplication multisets are admissible by digit sum — namely {7,7,7,6,4,4,1}, {7,7,6,4,1,1,1},
{7,6,6,6,6,4,1}, {7,6,4,4,4,1,1} — and exhaustive enumeration over all sv> 2 rules at d = 7
produces zero rule-fp pairs satisfying K(F) = F in any of the four. The same result holds for
{8,5,3,2) at d = 5,6, 7.

Note (added in revision). A subsequent investigation extended this inquiry to d = 8. At d = 8 in
the {7,6,4, 1}-thread, three of the four admissible pure-duplication multisets — {7,7,7,7,6,6,4, 1},
{7,6,6,4,4,4,4,1}, {7,6,6,4,1,1,1,1} — remain empty of universal sv= 8 fps, but the symmetric-
duplication multiset {7,7,6,6,4,4,1,1} (each core digit doubled exactly twice) admits universal
full-variable rules. Pure-duplication extensions are therefore not uniformly empty across all d > 4,
and zero-padding is not the unique viable extension mechanism. The pattern by which symmetric
duplications break the empty-pure-duplication property at d = 8 — and whether this extends to
higher even d or to the {8,5,3,2}-thread — is open.

The empirical pattern at d € {5, 6, 7} remains: zero-padding is the viable extension mechanism for
the strict-d tower at those digit lengths. The qualifier “at any d > 4” stated in earlier versions of
this appendix is withdrawn; the correct scope is d € {5,6, 7}.

14.6 Open questions

This appendix reports observations; it does not settle them.

1. Is the strict-d criterion of Definition F.2 the right structural object? The criterion captures the
zero-sum-pair-on-equal-digits structure that distinguishes trivial lifts from genuinely d-dimensional
rules. A complementary criterion (no proper sub-rule reproduces dynamics on all admissibles)
was tested empirically at d = 5,6 and never failed when Definition F.2 was satisfied; we ex-
pect the two are equivalent for the rules in scope here, but have not proved this. A fulld =7
verification of the complementary criterion is pending.

2. Why do 6174 and 1746 reappear as strict-d anchors at d = 7 but not at d = 5,67 The non-
monotone pattern admits a candidate explanation in terms of the d = 7 rule space’s allowance
for three-position non-zero-sum tails, which the d = 5,6 rule spaces do not accommodate. A
precise statement and proof are open.

3. Strict-anchor count at d = 8,9, ... The d = 7 count is 11 — substantially larger than the d = 6
count of 4. A subsequent d = 8 scan in the canonical zero-padded multiset {7, 6,4, 1,0*} produced
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89 strict anchors, and the symmetric pure-duplication multiset {7,7,6,6,4,4, 1, 1} produced 465.
Whether the strict-anchor count continues to grow at d > 9, stabilizes, or oscillates is open.

4. Parallel structure for the {8,5,3,2}-thread. Strict-d anchor counts at d = 5,6 are 3,3 (versus
2,4 for {7,6,4,1}). The asymmetric widths between threads, despite both threads sharing digit
sum 18 at d = 4, is structural and not yet explained. The d = 7 analog for the {8, 5, 3, 2}-thread
is pending.

5. Are there other classical multiset cores beyond {7,6,4,1} and {8,5,3,2}¢ These are the only
two universal multisets at d = 4. Whether the strict-anchor tower formalism extends to threads
anchored at d > 4 (e.g., among the 33 universal fps at d = 5) is open.

6. Relation to the main paper’s Theorem 3. The main paper proves 60714 universal at every d > 5.
Under Definition F.2 of this appendix, 60714 is strict-universal at d = 5,6 only; the lifts at
d > 7 are non-strict. The main paper’s theorem remains correct under its own (sv= d, F-or-0)
framework. The reframing question — whether the central object of the theory is the (sv= d)-
universal tower or the strict-d-universal tower — is not settled here.

14.7 Reproducibility note

The results of this appendix are reproducible from the supplementary scripts. The main scanner
is universality_scan_v3.py; the independent verifier is verifier_v2.py. Both produce JSON
outputs containing per-fp rule counts and the explicit list of strict-d rules for each anchor. Total
wall-time on 2024-era commodity hardware: under three minutes for the complete d € {5, 6, 7} scan.

End of Appendix F.

15 Appendix G. Classical-scope correction and confirmation of the
cycle thread at m =4

Status: Preliminary working notes added May 4-5, 2026. This appendiz reports four findings devel-
oped after release of paper version 1.2.1: a methodological correction to the universality definition,
re-verification of the paper’s results under the corrected definition, empirical confirmation that the
cycle thread continues to m = 4, and a refinement of the conjecture’s lift mechanism.

None of the corrections invalidate prior results in the paper. They strengthen and extend them.

15.1 Purpose

The original verifier in this paper tested universality against an S-restricted input basin — that
is, the set of non-repdigit d-digit multisets whose digits lie in the alphabet S = {0,1,4,6,7}.
This restriction was inherited from the search infrastructure originally designed to find fixed points
(whose digits naturally lie in S) but was inadvertently applied to test universality.

Classical Kaprekar universality, as the term is conventionally used in the literature on the digit-
rearrangement function K(n) = sort desc(n) — sort asc(n), requires the basin of K-iteration to
include every non-repdigit d-digit input — that is, all multisets of digits drawn from {0,1,...,9}
except repdigits.
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This appendix (a) clarifies the distinction, (b) re-verifies the paper’s results under the corrected
definition, and (c) reports new empirical results that extend the cycle thread to m = 4.

15.2 Strict K-rules and classical universality

Throughout the paper, a K-rule at dimension d is a pair (m,0) of permutations of {0,1,...,d — 1}
giving the coefficient vector c[i] = 109-1=™" Hil — 10d=1=0 7 for 4 = 0,...,d—1. The map K, is
then defined on a multiset mg > my > --- > mg_; by K(m) = [>_, c[t ]mz\

We restate the technical conditions used throughout the paper, with terminology pinned down as
follows.

Deﬁnztzon G.1 (strict K-rule). A K-rule (m,0) at dimension d is strict if c[i] # 0 for every
i €{0,...,d —1}. Equivalently, 7~ 1[i] # o~1[i] at every position. A non-strict rule is deficient:
some position contributes nothing to K (m )

Definition G.2 (strict universal). A fixed point F' at dimension d is a strict universal if there
exists a strict K-rule (, o) such that K (F') = F and every S-admissible non-repdigit d-digit multiset
converges to I’ under iteration of Ky .

Definition G.3 (classical universal). A fixed point F at dimension d is a classical universal if
there exists a strict K-rule under which every non-repdigit d-digit multiset (digits drawn from
{0,1,...,9}) converges to F.

Definition G.4 (genuinely S-only). A strict universal F' is genuinely S-only if no strict K-rule
for F' is classical-universal. The terminology emphasizes that the property is intrinsic to F', not an
artifact of which rule was sampled in the search.

Every classical universal is a strict universal. The converse may fail: a strict universal may be
genuinely S-only. The two notions agree at d = 4 but diverge at higher d in a small minority of
cases, as documented below.

15.3 Re-verification of v1.2.1 results under classical scope

A classical-scope verifier (described in §G.7 below) was applied to the strict universals catalogued
in the paper. The results are summarized in Table G.1.

Table G.1. Re-verification of the paper’s published universal counts in classical scope.

Strict universals (paper

Dimension v1.2.1) Classical universals Genuinely S-only
d=4 2 2 (100%) 0
d=5 33 33 (100%) 0
d=26 506 confirmed; classical 0 known
d=8, m=2 481 465 (96.7%) 16 (3.3%)
d=12, m=3 55 46 (83.6%) 9 (16.4%)*

* Upper bound: the d = 12 file recorded one K-rule per F. With multi-rule census (as performed
at d = 8, where 64% of single-rule “S-only” universals admit a different rule that is classical), the
genuine S-only count at d = 12 is expected to be lower.
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The 16 genuinely S-only universals at d = 8, m = 2 exhibit a striking pairing structure: they pair
into multiset siblings, with each pair sharing the same digit multiset and differing by a digit trans-
position. For example: 16464717 and 16446717; 61771446 and 61477146; 66177144 and 66147714.
The pattern is consistent with the genuinely S-only universals being structurally related rather than
scattered. Their basin coverage in classical scope ranges from 99.1% to 99.9% — the missed inputs
converge to alternative fixed points whose digit multisets lie outside S (typically containing digits
2,3,5,8,0r9).

The principal result of the paper — that 60714 admits a coefficient- preserving lifting universal
on Ay \ E4 at every d > 5 — is unchanged under the classical-scope correction. All 60714 ladder
universals are classical-universal at every tested d € {5,6,7,8,9,10,11}.

15.4 Confirmation of the cycle thread at m =4

A search at d = 16, m = 4 (multiset {74, 6%, 4 1}) was conducted using the candidates predicted
by inserting a {7,6,4, 1} block into known d = 12, m = 3 universals. The search produced 5 strict
universals from 9,426 candidates passing distribution-alternation and density filters. Two of these
are classical-universal:

Theorem G.1 (empirical, d = 16, m = 4). The fixed points

Fy =6,471,467,417,167,416, Fy =6,467,717,446,711,614

are each absorbed by every non-repdigit 16-digit multiset under their respective strict K-rules.
Total basin: 2,042,965 multisets; iteration count for F}: minimum 1, maximum 50, mean 25.9.

The remaining three strict universals at d = 16, m = 4 are genuinely S-only:

{6,474,646,711,711,476; 6,467,714,467,117,416; 6,467,716,714,471,146 }

with classical basins of 2,042,708, 2,042,903, and 2,041,321 respectively. Each loses a small fraction
of inputs (62 to 1,644 multisets out of 2,042,965) to alternative fixed points whose digit multisets
lie completely outside S. The alternative fixed points include F’ = 6,576,637,809,610,377 (multiset
{0%,1,3,5,6,73,8,9}) and F' = 6,468,613,468,216,515 (multiset containing digits {13,2, 3,42, 52, 64, 8}).

Combined with the paper’s existing results at m = 1,2,3, this confirms that the cycle thread
{7m,6™,4™ 1™ 0%} at d = 4m + k produces classical universals at every tested m € {1,2,3,4}.

15.5 Asymmetric lift behavior

Two cross-dimensional lift mechanisms were tested at the d =15 - d =16 and d =12 —- d = 16
transitions. The mechanisms behave differently:

Family B (zero-insertion lift). Predictions generated by inserting a single zero into the multiset of
a known d = 15, m = 3, k = 3 universal, yielding d = 16, m = 3, k = 4 candidates. A Mac search
of 731 candidates produced 0 strict universals and 0 algebraic K-fixed points.

Family D (block-{7,6,4,1}-insertion lift). Predictions generated by inserting a length-4 block at
various positions in d = 12, m = 3 universals, yielding d = 16, m = 4 candidates. A Mac search
of 9,426 filter-passing candidates produced 5 strict universals, of which 2 are classical-universal
(Theorem G.1 above).
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The asymmetry refines the cycle conjecture’s interpretation. The conjecture predicts that the mul-
tiset {7™,6™,4™ 1™,0%} at d = 4m + k contains classical universals; it does not predict that those
universals are obtained by lifting universals from lower dimensions. None of the 5 universals at
d = 16, m = 4 is the literal block-insertion of a known d = 12, m = 3 universal; rather, they
are independently algebraic objects whose existence the block-lift heuristic correctly predicts the
existence of (without identifying the specific arrangements).

The Family B negative result confirms that zero-insertion lifts do not produce universals as a generic
mechanism. Apparent zero-insertion successes at lower dimensions (e.g., the 60714 ladder) succeed
via coefficient-preserving algebra, not via simple structural insertion.

15.6 Distribution-alternation as a candidate filter

The distribution-alternation conjecture (paper §F.5) states that universal F' values satisfy specific
alternation patterns in their decimal digits. We tested this as a predictive filter at d = 16, m = 4.

Of the 9,426 candidates passing the distribution-alternation filter (density > 0.75 and no Kaprekar-
long-runs), 5 produced strict universals. Of the candidates failing the filter, none were tested (by
design), so we cannot rule out additional universals among the 3,229 filtered-out candidates.

Among the 5 universals discovered:

e 1 is in the high-density (density = 1.0) bucket of 1,536 candidates: 0 of 1,536 universals — i.e.,
the high-confidence prediction returned 0 universals.

e 1 is in the medium-confidence bucket of 2,220 candidates: 1 of 2,220 = 0.045%.

e 4 are in the low-confidence bucket of 5,670 candidates: 4 of 5,670 = 0.071%.

This distribution is inverted from what the filter’s confidence rankings predicted. The fine-grained
predictor (density = 1.0, no Kaprekar-long-runs) did not identify a single universal at d = 16,
m = 4. The four lower-density universals show F-arrangements with adjacent same-digit runs of
length 2, contradicting the perfect-alternation hypothesis at this dimension.

We restate the predictor’s empirical status:

e Cell-level: the cycle conjecture correctly identifies which multisets host universals at every m
tested.

e F-level within a cell: the distribution-alternation filter is necessary (almost all universals satisfy
it) but only ~ 0.05% specific (most filter-passing F' values are not universal).

e Fine-grained: the conjunction “density = 1.0 4+ no Kaprekar-long-runs” is not a positive pre-
dictor at d = 16. The tightest signature predicted no universals; the actual universals appeared
in less-restrictive buckets.

The conjecture’s existence claim is supported. The conjecture’s predictive content for individual F
values requires further work.

15.7 Methods note: classical-scope verification

Three scripts were developed for the corrected verification:

1. audit_full_basin.py — given a single (F,7—!,07!), iterates K from every non-repdigit d-digit
multiset and reports whether F' is a classical universal. Caching makes this fast: at d = 16,
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the full basin of 2,042,965 multisets is processed in approximately 13 seconds on a 2026-vintage
laptop.

. reverify_classical_all_rules.py — given a JSON of (F,rule) pairs, classifies each F' as

classical, genuinely S-only, or partial. For each F, all available strict rules are tested before
declaring genuinely S-only.

verify_d16_familyD_classical.py — corrected production verifier for new searches, using
full-basin scope rather than S-restricted scope.

The scripts are pure-stdlib Python, fully self-contained, and reproducible. They are deposited at
the project’s GitHub repository alongside the released paper.

15.8 Open questions raised by this appendix

1.

F-level prediction within a cell. What property distinguishes the 5 strict universals from
the other 9,421 distribution-alternation-passing candidates at d = 16, m = 47 Cycle structure
does not separate them; density does not; Kaprekar-long-runs does not.

. Why the high-density predictor failed at d = 16. The conjecture’s tightest signature

(density = 1.0, no Kaprekar-long-runs) returned zero universals at d = 16, m = 4, while less-
restrictive buckets returned all five. What changes between d = 12 (where the high-density
signature held) and d = 16 (where it does not)?

Characterization of the 16 genuinely S-only universals at d =8, m = 2. They pair into
multiset siblings. What algebraic property generates the pairing? Are they explained by a single
mechanism distinct from the classical-universal majority?

Whether the cycle thread is specific to the digit set {1,4,6,7}. Independent searches in
other digit sets are in progress. Preliminary results (forthcoming) suggest that at least one other
digit set produces classical universals at m = 2, with the {1,4,6, 7} thread being notably denser
at small m.

. Alternative attractors absorbing the missing inputs of genuinely S-only universals.

At d = 16, the 3 genuinely S-only universals lose inputs to fixed points like 6,576,637,809,610,377
whose digits include {0, 3,5,7,8,9}. Are these alternative fixed points themselves universals over
their own multisets? This is testable.

15.9 Acknowledgments

The classical-scope correction was identified during ongoing work in 2026-05. The scope error and
the corrected definitions are reported here for the first time.

The Mac runs reported in this appendix were performed on a 2026 Apple Silicon laptop using pure-
Python implementations of K-iteration with caching, totaling approximately 9 hours of compute
time (Family D verifier: 7.9 hours; reverification of d = 8,12, 16 universals: 1.0 hour combined).

End of Appendiz G.
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